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Abstract

This paper examines the properties of networks that determine the uniqueness
of long-run equilibria emerging from symmetric coordination games when players
are myopic best responders. We identify the contagion threshold and the network
diameter as two measures of finite networks that determine when strategies in the
minimal p-best response set of a coordination game are uniquely stochastically sta-
ble. We show that when the contagion threshold is greater or equal to p, strategies
in the minimal p-best response set are uniquely stochastically stable in strongly con-
nected networks with diameter greater or equal to seven. The contagion threshold
and the network diameter are easy to compute and their values are unique for every

strongly connected network.
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1 Introduction

The concept of Nash equilibrium plays a central role in the field of game theory and
economics. However, many games, such as coordination games,’ have multiple strict
Nash equilibria. This raises the question of which outcomes should be regarded as more
reasonable than others. To address this issue, Foster and Young (1990), Kandori et al.
(1993) and Young (1993) proposed examining the process by which conventions (Nash
equilibria of coordination games) become established using evolutionary models with per-

sistent randomness. In this framework, persistent randomness ensures that all outcomes
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are likely, but as the amount of noise vanishes, some outcomes become more likely than
others. Outcomes that retain a positive probability of being played in the long-run as the
amount of noise vanishes are said to be stochastically stable.

A notable observation in the aforementioned papers is that stochastic stability as
a selection mechanism not only rules out unstable mixed equilibria, but also selects a
unique outcome in coordination games with two strategies. This outcome being the
risk-dominant equilibrium, which is a strategy that is a unique best response to any
distribution that places on it a mass of at least one half. Recent studies show that
the predictions of stochastic stability strictly depend on the interaction structure (Alds-
Ferrer and Weidenholzer, 2007; Peski, 2010).? And for most coordination games, there
can be multiple stochastically stable outcomes on a given interaction structure. Even for
2 X 2 coordination games, it is easy to construct an interaction structure where uniform
adoption of either strategy is stochastically stable.

This paper seeks to identify properties of the interaction structure that robustly deter-
mine the uniqueness of stochastically stable outcomes. We consider an evolutionary model
of best response with mutations (BRM) in symmetric coordination games — a framework
introduced by Young (1993) and Kandori et al. (1993) — where players interact locally
through a social network. The social network is modeled as a graph consisting of the
set of players as nodes and a set of edges/links connecting different pairs of players. For
any pair of players ¢ and j, a directed link from ¢ to j implies that ¢ observes strategies
chosen by j. The central behavioural assumptions of the BRM model are: (i) players are
myopic in that their strategy choices at any period depend on the profile of strategies
chosen by their opponents (i.e., the set of players with whom a player directly interacts)
in the previous period; (i7) players choose strategies that are best responses to opponents’
strategy profile with a high probability, and with a small probability, independent across
players and time, they experiment (mutate) and choose any strategy at random. These
behavioural assumptions capture some aspects of bounded rationality of decision makers
(e.g., limited attention and the inability to make farsighted decisions) often observed in
economics and psychology.?

We develop a new network measure, the contagion threshold, which together with
the network diameter determine when strategies in the minimal p-best response set are

uniquely stochastically stable. The minimal p-best response set is a generalization of risk-

2This result has both strengths and weaknesses. On the one hand, it implies that, where possible,
the interaction structure can be manipulated to obtain a desired stochastically stable outcome. On
the other hand, it implies that when computing the stochastically stable outcome of an evolutionary
model on arbitrary networks, the modeller must keep track of the identity of players. The computational
time of stochastic stability algorithms, however, increases exponentially with the population size in such
scenarios. This could in turn limit the applicability of evolutionary models.

3See DellaVigna (2009) for the survey of the economics and psychology literature on bounded ratio-
nality.

4Throughout this paper, a set of strategies, A’, is said to be uniquely stochastically stable if the
stochastically stable outcomes consist of states where all players play only strategies in A’.



dominance to games with more than two strategies. A set of strategies of a coordination
game is a p-best response set if the best responses to distributions that place on them
a mass of at least p are themselves within that set (Tercieux, 2006). The minimal p-
best response set is the p-best response set that does not contain another smaller subset
that itself is a p-best response set. If the minimal p-best response set contains only
one strategy, then that strategy is a p-dominant equilibrium (Morris et al., 1995). In
a coordination game with only two strategies, a %—dominant equilibrium is also a risk-
dominant equilibrium.

To define the contagion threshold, consider an wunweighted and strongly connected
network, and denote it by G — a network is unweighted if every link between any pair
of players carries a weight of one, and it is strongly connected if every two players are
connected through some path. Denote the set of players by N and define the r-order
neighbours of any player i as the set of players located at a distance of r steps from i (i.e.
player j is an r-order neighbour of ¢ if the shortest path from 7 to j consists of r consecutive
links). Define also the rth-neighbourhood of i as the set of all players within r steps from i,
with ¢ included; and d; as the maximum shortest distance from ¢ to any other player. The
contagion threshold, n(G), of network G is the minimum over alli € N, allr = 2,3,--- ,d;
and all r-order neighbours of 7, of the proportion of the first-order neighbours of each 7-
order neighbour of i that are contained in the (r — 1)th-neighbourhood of i.> We extend
this definition of the contagion threshold for unweighted networks to weighted networks in
Section 5. Every strongly connected network has a unique contagion threshold bounded
from above by 1/2 and from below by 1/A(G), where A(G) is the maximum number of
first-order neighbours of any player in the network.

The diameter, d(G), of network G is the maximum shortest distance between any two
players (i.e., the maximum over all i € N of d;). The value of the network diameter is
unique for every strongly connected network and it captures the density and centralization
of the network. Centralized networks exhibit a core-periphery structure where a subset of
densely interconnected players form the core, and the rest who are adjacent to the core but
not to themselves form the periphery. Highly centralized networks have a short diameter
(e.g. a star network with diameter of 2). The network density is the total number of
connections relative to the number of players. For a fixed number of players, the lower
the network density the larger the network diameter.

We show that an absorbing set of states containing only strategies in the minimal p-
best response set is uniquely stochastically stable in undirected, unweighted and strongly
connected networks with the contagion threshold greater or equal to p and diameter

greater or equal to seven. We discuss in Section 5 how this result directly extends to

SFormally, given network G, let N; and B; denote the r-order neighbours and the rth-
neighbourhood of i respectively. Let «;(B;,) denote the proportion of player j’s first-order neigh-
bours that are contained in set B; . Then the contagion threshold of G is defined as 7(G) =
minge y min,e(2,3,... 4,} Minjen, o;(Bi,_,).



directed, weighted and strongly connected networks.

The proof of this result relies on the properties of contagion dynamics in networks. We
distinguish between three forms of contagion dynamics: full contagion, partial contagion,
and step-by-step contagion. Full contagion is the spread of strategies to the whole network
through best response starting from a group of players whose size is less than half the
population size. Partial contagion is the spread of strategies through best response from
a group of players, say N, whose size, n’, is less than half the population size, to a group
of players whose size is larger than n/. Step-by-step contagion is the spread of strategies
to the whole network through iterative application of partial contagion.’

The contagion threshold and the network diameter determine when strategies in the
minimal p-best response set are uniquely stochastically stable because, firstly, when
n(G) > p and d(G) > 7, strategies in the minimal p-best response set spread through
full and step-by-step contagion from the first-neighbourhood of any player. This implies
that the minimum number of mutations that trigger the spread of strategies in the mini-
mal p-best response set through full and step-by-step contagion is at most the size of the
smallest first-neighbourhood of G. Secondly, when n(G) > p and d(G) > 7, the cost of
reaching the basin of attraction of an absorbing set of states containing only strategies
in the minimal p-best response set from any other state is bounded from above by the
minimum number of mutations that trigger full and step-by-step contagion.” Thirdly,
when 7(G) > p and d(G) > 7, the minimum number of mutations needed to leave the
basin of attraction of an absorbing set of states containing only strategies in the minimal
p-best response set is greater than the size of the smallest first-neighbourhood of G. Fol-
lowing Ellison (2000, Theorems 1 & 2), these three observations imply that an absorbing
set of states containing only strategies in the minimal p-best response set is uniquely
stochastically stable whenever n(G) > p and d(G) > 7.°

The network measures that have previously been identified as determinants of the
uniqueness of stochastically stable outcomes include the sizes of the smallest odd and
the largest first-order neighbourhoods, and the maximum group cohesion of the network

(Alos-Ferrer and Weidenholzer, 2008; Peski, 2010; Opolot, 2020). Let do(G) be the size

SMore formally, a set of strategies, A’, is step-by-step contagious if, starting from any state x, there
exists a sequence of absorbing sets Wi, Wy, --- , W, with W; = A’ being the absorbing set of states
containing only strategies in A’, and a corresponding sequence of strategy sets, As, Az,---, Ay, such
that, for any y € W, strategies in A;y; spread through partial contagion after n;;; mutations to
strategies in Aj4q, where, for all j = 1,---,J — 1, n;j41 is less than half the population size. Along
the sequence Wy, Wy, -+, Wy, the evolutionary process converges to W1, from any y € W;. When
nj <nforall j=1,---,J -1, we say that n* mutations trigger step-by-step contagion of strategies
in A’ starting from x.

"That is, the coradius and modified coradius (Ellison, 2000) of an absorbing set of states containing
only strategies in the minimal p-best response set are bounded from above by the size of the smallest
first-neighbourhood of the network.

8Ellison (2000, Theorems 1 & 2) states that if the cost of leaving the basin of attraction of an absorbing
set of states is greater than the cost of reaching it from any other state, then that absorbing set is uniquely
stochastically stable.



of the smallest odd first-order neighbourhood of network G. Peski (2010, Theorem 2 &
Corollary 1) shows that in a BRM model, a p-dominant strategy is uniquely stochastically
stable in network G if p is less or equal to 3 (1 — 1/0¢(G)). In comparison, our results offer
more accurate predictions of stochastically stable outcomes in sparsely connected networks
(i.e. where A(G) is small so that the lower bound of the contagion threshold, 1/A(G), is
large), while Peski (2010, Theorem 2 & Corollary 1) offers more accurate predictions in
densely connected networks (i.e., where do(G) is large so that 1 (1 —1/do(G)) is close to
one half). For example, when d¢(G) = 1, Peski (2010, Theorem 2 & Corollary 1) fails to
predict the stochastically stable outcome.

Alé6s-Ferrer and Weidenholzer (2008) show that in a BRM model, a 1/A(G)-dominant
strategy is uniquely stochastically stable.” Our results generalize this special case from
Alé6s-Ferrer and Weidenholzer (2008) since the lower bound of the contagion threshold of
any network is 1/A(G)."° Opolot (2020) finds that for a BRM model on cyclic regular
networks where the size of the first-order neighbourhoods is k, strategies in the smallest
iterated p-best response set (i.e., a set of strategies that remain after iterative application
of the notion of p-best response sets) are uniquely stochastically stable whenever p is less
or equal to one minus the maximum group cohesion.'’ Opolot (2020) provides a counter
example showing that the maximum group cohesion fails to predict the uniqueness of
stochastically stable outcomes in some arbitrary networks. Since every strongly connected
arbitrary network has a unique contagion threshold greater or equal to 1/A, our result
provides a prediction of when the minimal p-best response set is uniquely stochastically
stable in any strongly connected arbitrary network.

Besides the aforementioned papers, many other papers have examined long-run sta-
bility of the BRM model in networks.'? Ellison (1993, 2000) and Weidenholzer (2012)

9More generally, Alés-Ferrer and Weidenholzer (2008) study an evolutionary model where players
imitate strategies that yield the highest payoff (i.e. “imitate-the-best”) and find that a payoff dominant
strategy of a 2 X 2 coordination game is the unique stochastically stable outcome. Related papers in this
regard include Alés-Ferrer and Weidenholzer (2006) and Chen et al. (2013).

10Sandholm (2001) and Oyama et al. (2015) also show that a 1/A-dominant strategy is the long-
run stable outcome of a deterministic evolutionary model where players choose strategies that are best
responses to the empirical distribution of at most A others sampled randomly from an infinitely large
population. Although the solution concept of this model — almost global convergence — is different from
stochastic stability, the result is comparable to the stochastic stability of a 1/A-dominant equilibrium in
a BRM model.

A group of players in a given network is c-cohesive if every player in that group has at least proportion
c of her neighbours within that group. The maximum group cohesion of the network is then the maximum
cohesiveness of any group of players.

12There are many papers that also study alternative classes of noisy best response choice rules to the
BRM model considered in this paper (Maruta, 2002; Myatt and Wallace, 2003; Staudigl, 2012; Staudigl
and Weidenholzer, 2014; Newton and Sawa, 2015; Sandholm and Staudigl, 2016; Sawa and Wu, 2018).
These papers however focus on global interactions, which makes comparison to our findings non-trivial.
Few papers have also examined the BRM model with asymmetric coordination games. For example,
Staudigl (2012) finds that a risk-dominant strategy is stochastically stable in 2x 2 asymmetric coordination
games; and Neary (2012) examines the effects of payoff asymmetries caused by differences in preferences
of mutiple intereacting groups of players. We instead focus on symmetric coordination games where it is
relatively easier to isolate the effects of the network structure on stochasitcally stable outcomes.



show that a %—dominant strategy is uniquely stochastically stable in cyclic regular net-
works where each player has an even number of neighbours; Blume (1995), Young (1998),
Lee and Valentinyi (2000) and Lee et al. (2003) show that the risk-dominant strategy is
uniquely stochastically stable in 2-dimensional grid lattices; and Alés-Ferrer and Weiden-
holzer (2007) show that a globally pairwise risk-dominant strategy of a 3 x 3 coordination
game is stochastically stable in a cyclic network where each player has two neighbours.
In contrast to the present paper, these papers focus on specific (mostly regular) net-
works and do not identify the general network properties that determine the uniqueness
of stochastically stable outcomes.

Finally, this paper is related to Morris (2000), Oyama and Takahashi (2015) and
Azomahou and Opolot (2018) who study contagion in networks when players are myopic
best responders. Morris (2000) finds that a p-dominant strategy of a 2 x 2 coordination
game is fully contagious on an unbounded network if p is less or equal to the contagion
threshold. We discuss in Section 3.1 the difference between the contagion threshold for
finite networks defined in this paper and the contagion threshold for unbounded networks
as defined by Morris (2000). Oyama and Takahashi (2015) derive the conditions under
which the risk-dominant and Pareto-dominant strategies of a 3 x 3 coordination game
containing a dominated strategy are fully contagious on unbounded networks; they also
compare networks in terms of their power of inducing contagion in general supermodular
games. Azomahou and Opolot (2018) show that a p-dominant strategy of an m-strategy
coordination game is fully contagious on a finite network whenever p is less or equal to
the contagion threshold. We build on the ideas of contagion dynamics developed in these
papers and use them to derive the conditions under which the minimal p-best response
set is uniquely stochastically stable.

The remainder of the paper is organized as follows. Section 2 outlines a model of
evolutionary dynamics with best response and mutations. Section 3 defines the notion of
contagion and contagion threshold, and discusses how contagion determines stochastically
stable outcomes. Section 4 states the main results and discusses the intuition of the proof.
Section 5 discusses the implications of our results and how they relate to the literature.

Concluding remarks are offered in Section 6 and proofs are contained in the Appendix.

2 An evolutionary model of best response with mu-

tations

We consider a finite set of players, N = {1,2,--- n}, connected through a social
network. Each player plays a symmetric coordination game against her direct neighbours.
Players revise their strategies simultaneously and independently at discrete times, ¢ =

1,2,---. We start with a description of an unperturbed evolutionary model where, at



each t, each player chooses a pure strategy randomly from the set of pure strategies that
are best responses to the profile of strategies played by the opponents at ¢ — 1. Players
do not play mixed strategies. For the characterization of stochastically stable outcomes,
we consider an evolutionary model of best response with mutations (BRM) where, with
a fixed small probability ¢, independent across players and across time, players choose
any pure strategy at random, and with the complementary probability 1 — ¢, they choose
a strategy from the best response set. The following subsections formally outline these

concepts.

2.1 The coordination game

We consider m-strategy 2-player symmetric strict coordination games with a set of
pure strategies denoted by A = {a1,---,a;, -+ ,an}, and identical to all players. Let U
be an m x m payoff matrix with the elements u(a;, ;), for all a;, a; € A, being the payoff
to a player playing strategy a; against an opponent playing strategy ;. The matrix U
constitutes a symmetric coordination game if u(a;, a;), for all a;,a; € A, is identical for
all players. And it constitutes a strict coordination game if u(a;, a;) > u(a;, a;) for all
aj,a; € A and a; # a;. We refer to the double, (A,U), where U is symmetric and strict,
as a symmetric strict coordination game.

Let > be the set of all distributions over A whereby, for any a; € A and 0 € %,
o(a;) is the mass that o places on a;, and >, c4 0(ax) = 1. We consider linear payoffs
where the payoff to a player playing pure strategy a; against distribution o is given by
Ula; | 0) = X4,ea0(ar)u(aj, ar). The set of pure strategy best responses to ¢ is defined

BR(0) ={a; € A|U(aj | 0) > Ula; | o) Va, € A}.

2.2 The network game

The social network is represented by an exogeneously given and fixed over time graph
G(N, E), with N representing the set of players and E the set of edges linking different
pairs of players.’® Let N; be the set of first-order neighbours of i — the set of players that
i directly interacts with in G(N, E') — and let n; be the cardinality of NV;. A directed path
from player i to j is a finite sequence of players (iy, s, ,i,), with ¢ = i; and i, = 7,
that are connected through distinct directed links (i.e., no link appears more than once).

We focus on unweighted, undirected and strongly connected networks. A network is
unweighted if a link between any pair of players 7,7 € N has a weight of one; it is
undirected if the existence of a link from 7 to j implies existence of a reverse link from
J to 4; and it is strongly connected if there exists a directed path connecting any pair of

players ¢,j € N and i # j.

13Where no confusion arises, we simply write G as a shorthand for G(N, E).

7



Focusing on unweighted and undirected networks is for simplicity and we discuss
in Section 5 how our results extend to weighted and directed networks. Requiring the
network to be strongly connected is necessary for our results to hold. Networks that are
not strongly connected may consist of disconnected subgroups, which affects convergence
of an evolutionary process. By avoiding issues related to convergence, we can focus on
examining structural properties of the network that determine uniqueness of stochastically
stable outcomes. Omne of the network measures that is relevant to our analysis is the
diameter. Let d;; be the length of the shortest directed path from i to j (i.e. the distance
from i to j), and d; = max;en d;; be the maximum shortest distance from 7 to any other
player. The diameter of G(N, E) is d(G) = max;en d;, which is the maximum shortest
distance between any two players.

In analogy to the linear payoffs defined above, let o; = (0;(a1),- - ,0i(an)) be the
distribution over A that represents the proportion of i’s direct neighbours playing each
pure strategy. Then the total payoft that i receives from playing pure strategy a; against

distribution o; is (players do not play mixed strategies)'*

Uilaj | 01) = Y oila)u(a;, ar). (1)
a;€A
We refer to the quadruple (A, U, N, G), where each player’s payoff is given by (1), for all

o; € X, as a network game.

2.3 Unperturbed evolutionary process

The unperturbed evolutionary process is a myopic best response process where players
revise their strategies simultaneously and independently over discrete times, t =1,2,---.
At each t, each player plays the symmetric strict coordination game against the same
set of direct neighbours and selects a pure strategy randomly from a set of strategies
that maximize (1). Players are myopic in that the strategies chosen at t are those that
maximize the payoffs of the profiles of strategies chosen by their neighbours at ¢ — 1.

Formally, let x = (x!,--- ,2") denote a profile/configuration of pure strategies, where
2! is the pure strategy played by the ith player. Each strategy profile is a state of an
evolutionary process, and we denote the set of all states by X. For each x, let 0;(a;;x)
be the proportion of i’s neighbours playing strategy «; in profile x, and let o;(x) =
(0i(ay;x), -+ ,0i(am;x)) be the distribution over A representing the proportions of i’s

neighbours playing different strategies in profile x. Let also x(t) be the strategy profile

Since the network is unweighted, the linear total payoff represented by (1) implies that player i
attaches a weight of ni to each neighbour’s strategy. That is, if u(aj,xk) is the payoff to a player
playing strategy a; against a neighbour, %, playing strategy 2% then (1) can equivalently be expressed
as Ui(aj | (z1,--- ,2n,)) = ni ke, ulaj, z¥), where (z1,---,xy,,) is a vector of strategies adopted by
i’s direct neighbours.



at ¢, and z'(t) the respective ith strategy in profile x(¢). In analogy to (1), U; (aj |
ai(xt)) = Y ea 0ila; x¢)u(aj, a;) is player i’s payoff from playing pure strategy a; against
the profile of strategies chosen by the neighbours at ¢. Accordingly, BR(c;(x(t))) is the
best response set of 0;(x(t)) (i.e. the set of all strategies a; € A that satisfy the inequality
Ui(aj | Ji(Xt)> > U,-(al | ai(xt)), for all a; € A). Then, at period ¢t + 1, player i
chooses strategy a; € A with probability P (wi(t+ 1) = aj|ai(x(t))) = m if
a; € BR(0;(x(t))), and zero otherwise, where |S| is the cardinality of set S.

The assumption of myopia is standard in the literature of evolutionary game theory
and it is used to model agents with bounded rationality. That is, it assumes that agents are
incapable of keeping track of the entire history of play and performing complex evaluations
associated with forward-looking decision making.

The evolutionary framework described above is a finite time homogeneous Markov
chain (i.e., the associated transition probability matrix is independent of time) on the
state space X. It is time homogeneous because the four components, A, U, N and G,
that make up the network game are independent of time. Let P denote the transition
probability matrix so that P(x,y) is the probability of transiting from state x to y in a
single step. We refer to the tuple (A, U, N, G, P) as an unperturbed evolutionary process
on network G. The equilibrium behaviour of (A, U, N,G, P) is fully described by its
absorbing sets. A subset of states, W C X is an absorbing set of (A, U, N, G, P) if, once
entered, is never exited. If an absorbing set is a singleton then it is called an absorbing
state; that is, any state x € X for which P(x,x) = 1 is an absorbing state. Absorbing
sets that are not absorbing states form an absorbing cycle. For example, a pair of states
x and y form an absorbing cycle if P(x,y) =1 and P(y,x) = 1. We denote by A a set

of all absorbing sets.

2.4 Perturbed evolutionary process and stochastic stability

Following the literature, a perturbed evolutionary process is derived from the un-
perturbed evolutionary process by adding rare mutations. We follow the evolutionary
framework of best response with mutations (BRM) by Young (1993) and Ellison (2000),
whereby, with a fixed small probability ¢ > 0, independent across players and time, a
player chooses a strategy uniformly at random, and with a complementary probability
(1 — ¢) plays a strategy in the best response set. That is, the probability that ¢ plays
strategy a; at t +1is P (xz(t +1)= aj|0i(x(t))) ==+ M@% if a; € BR(0;(x(t))),
and P (2'(t + 1) = a;|04(x(t))) = £ if ¢; ¢ BR(ou(x(1))).

Let P. be the transition probability matrix of the associated Markov chain, so that
P.(x,y) is the probability that profile x is followed by y. Specifically, let c¢(x,y) be the
number of players for whom ¢, the ith strategy in y, is not a best response to x (i.e. the

number of mutations involved in a direct transition from x to y). Then P.(x,y) can be



expressed as follows, where we use the notation b;(x) = |BR(0;(x))|."?

(x) —m)e
mb;(x) ) (2)

€ )C(’W) "_ﬁ’Y) m + (b;
m

P.(x,y) = (

i=1

The parameter ¢(x,y), for any pair x,y € X, is also commonly referred to as the cost

function of the stochastic evolutionary process. The cost, ¢(x,y), reflects how unlikely

the direct transition from x to y is when ¢ is small. For this reason, ¢(x,y) is formally
defined as

c(x,y) = — ll_r}(l) eln P.(x,y) (3)

Substituting for the expression of the transition probabilities from (2), we see that
the limit on the right hand side of (3) exists. The definition of the cost function in (3)
is not limited to the BRM model. Sandholm (2010) applies this definition to derive the
cost functions of evolutionary models where the transition probabilities assume a logit
and probit probability structures.

The tuple (A,U, N,G, P.) is here referred to as the perturbed evolutionary process
on network G. The equilibrium behaviour of (A,U, N, G, P.) is fully described by its
stationary distribution, m., which is the probability distribution over the state space, X,
that describes the long-run average time spent in each state. For each x € X, 7.(x) is
the proportion of time that (A, U, N, G, P.) spends in x in the long run. The stationary
distribution of (A, U, N, G, P.) exists, and is unique, because (A,U, N, G, P.) is ergodic
(i.e., it is possible to get from every state to every other state with positive probability).
The ergodocity of (A, U, N, G, P.) follows because the incorporation of mutations that are
independent across players and time ensures that P.(x,y) > 0, for all pairs x,y € X.

We are interested in identifying the long-run or stochastically stable set of states of
(A,U,N,G, P.), which is a set of states that maximize 7. when ¢ is small. However,
computing 7. is difficult, and the standard approach is to focus on the limit stationary
distribution, 7*, defined as 7" = lim._,o .. The reason for this is that 7*, which is easier
to compute, provides an approximation to m. when ¢ is small. The limit stationary dis-
tribution exists and the set of states A* C X, with 7*(A*) > 0, is called a stochastically
stable set (Young, 1993; Ellison, 2000). It is known that the stochastically stable set of
(A,U,N,G, P.) is contained in A (Young, 1993). If A* = {x*}, then x* is a stochasti-
cally stable state. Accordingly, a set of strategies A* C A played in A* are said to be
stochastically stable strategies.

To compute the stochastically stable set of (A, U, N,G, P.), we employ the method

15This follows from the expressions of P. (2*(t + 1) = a;|o;(x(t))), whereby, the probability that c(x,y)
players mutate to play non-best response strategies is (%)C(x’y). And the probability that the re-
maining n — ¢(x,y) players simultaneously play their best responses is H?;f(x’y) (% +(1- 5)%) =

Hﬂ—c(x»Y) ( m(bi (%) —m)e )

i=1 mb; (x)
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developed by Ellison (2000), which involves computing the radius, coradius and modified
coradius of the basins of attraction of absorbing sets. The basin of attraction, D(WW),
of W € A, is the set of initial states from which the unperturbed evolutionary process,
(A,U, N, G, P), converges to W with probability one. That is,

DW) = {y eX|P (Elt' such that x(t) e WVt >t | x(0) = y) = 1}

The radius, coradius and modified coradius are all cost functions that depend on the

total costs of paths between states. Define a path from subset Z to W as a finite sequence

of distinct states (x1,Xa, -+ ,Xr) with x; € Z, xp € Wand x, ¢ W for 2 <7 <T — 1.
Let S(Z,W) be the set of all paths from Z to W. The cost ¢(x1, X, ,xr) of path
(x1,X2, -+ ,X7) is the sum of the costs of the transitions between pairs of states along
(x1,X9, -+ ,x7). That is,
T-1
c(x1,X9, - ,Xp) = Z c(Xr, Xr41)
=1

Recall that each ¢(x;,X,+1), defined in (3), reflects how unlikely the direct transition
from x, to x,41 is when ¢ is small. Accordingly, c¢(x1,Xs,- - ,xr) reflects how unlikely
it is for (A, U, N, G, P.) to reach xy from x; through the path (x1,xs,--+ ,x7) when € is
small.

The radius, R(W), of W, is the minimum number of mutations needed to exit the basin
of attraction of W. Put differently, it is the minimum cost of any path from W out of the
basin of attraction of W. That is, R(W) = minx, x,,. xp)eS(w,x—DW)) ¢(X1, X2, -+ ,X7).
The greater the value of R(W), the less likely it is for (A, U, N, G, P:) to leave the basin
of attraction of W when ¢ is small.

Let C(Z,W) = min(x, x,, xp)eszw) (X1, X2, -+ ,Xr) be the cost of the minimum
cost path from Z to W. The coradius, CR(W), of W is the maximum over all other
states of the minimum number of mutations required to reach W. Put differently, it is

the maximum over all x ¢ W of the minimum cost of all paths from x to W. That is,

CR(W) = max (Xh.“;];l)igs(xw) (X1, ,Xp) = max C(x, W)

Note that since the cost of reaching W from any state within the basin of attraction of
W is zero, the coradius of W can also be expressed as CR(W) = maxy¢pw) C(x, D(W)).
The smaller the value of CR(W), the more likely it is for (A, U, N, G, P.) to reach W from
any other state when ¢ is small. Ellison (2000, Theorem 1) shows that the set of states,
A* € A, with R(A*) > CR(A*) (i.e. a set that is reachable from every other state at a
smaller cost than is needed to leave its basin of attraction) is the unique stochastically
stable set of (A,U, N, G, P.).
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To define the modified coradius, let Zy, Z, - - - , Z,, withx € D(Z,), Z, C W and Z,

W for | < g, be a sequence of absorbing sets through which some path, (x;,xs,- - ,X7),
from x = x; to xp € Z, traverses consecutively. Define the modified cost, ¢*(x1,Xa, -+ ,X7),
of the path (x1,Xa, -+ ,Xr) as the cost, ¢(x1,Xz, -, X7), minus the radius of the inter-

mediate limit sets through which the path (x;,xs, -+ ,x7) passes. That is,

q—1

(X1, Xa,+ ,X7) = (X1, X2, - ,X7) — »_ R(Z) (4)

=2

The modified coradius, CR*(W), of W is the maximum over all x ¢ W of the minimum
modified cost of all paths from x to W. That is,

CR*(W) = max min c*(X1,Xg,- -+ ,Xr) = max C*(x, W 5
( ) x¢W (x1,X2, ,x7)ES(x,W) ( 122 T) x¢gW ( ) ( )
where C*(x, W) = min(, x,, xr)esxw) € (X1, X2, - -+, Xp) is the minimum modified cost

of all paths from x to W.

Unlike CR(W) which is derived from the probabilities of the paths from any other
state to W, the modified coradius, C R*(W), is derived from the waiting time of reaching
W from any other state. Ellison (2000) shows that, when ¢ is small, the waiting time
to reach any W C X from any other state is bounded from above by ke~ ¢ W) where
k is some constant. And the waiting time to exit the basin of attraction of A* C A is

R(A™) for some constant x;. By relating the waiting time to

bounded from below by ke~
the stationary distribution, Ellison (2000, Theorem 2) then shows that a set A* C A with

R(A*) > CR*(A*) is uniquely stochastically stable.

3 How contagion affects stochastically stable outcomes

3.1 p-best response sets, contagion and the contagion threshold

We aim to establish the relationship between p-best response/p-dominance and stochas-
tic stability of the evolutionary process (A, U, N, G, P.). We derive the conditions under
which the minimal p-best response set is uniquely stochastically stable on a given network.
A p-best response set is a set of strategies that are best responses to distributions that
place on them a mass of at least p. And for the network game (A,U, N,G), if at least
proportion p of a player’s neighbours play strategies in AP, then all of a player’s best
responses are themselves in AP. For any nonempty subset A C A and any o € X, let

oA = Yq,ea 0(a;) be the total mass that distribution o places on A’.

Definition 1. A nonempty subset of strategies A" C A is a p-best response set of a
symmetric strict coordination game (A,U) if for all o € 3 with o4 > p, BR(o) C A’. A’

12



is a minimal p-best response set if A" does not contain any proper subset that is a p-best

response set.

The definition of a p-best response set in Definition 1 implies that the strategy set,
A, is, trivially, a p-best response set of (A, U) for all p € [0,1]. A coordination game can
have more than one p-best response set, and the minimal p-best response set is the one
that does not contain another smaller subset that itself is a p-best response set.' We
denote by AP the minimal p-best response set of (A, U). Every coordination game has a
unique minimal p-best response set when p < % (Tercieux, 2006, Theorem 1). If, for some
p < %, AP = {a}, then a is a p-dominant equilibrium.

Although the predictions of stochastic stability will be coarse when AP contains more
than one strategy, it is useful to examine when strategies in AP are stochastically stable
because, firstly, many coordination games do not have a p-dominant equilibrium but
every coordination game has a unique minimal p-best response set for p < % Secondly,
if only one strategy is indeed uniquely stochastically stable, then we would know that
that strategy is in AP. A more precise method can then be used to isolate the unique
stochastically stable strategy from AP. Thirdly, there are situations, such as technology
adoption, where one may be interested in the diffusion of a combination of strategies. A
firm that owns two technologies may be interested in the long-run market survival of both
technologies if they are complementary or if producing both is cost-effective.

Consider the two examples of symmetric coordination games in Figure 1. For the

5
18”

both A" = {as, a3} and A” = {asz} are p-best response sets. The minimal p-best response

game in Figure la, set A’ = {as, as} is a p-best response set for p > and for p > %,

set is AP = A”, which is also a p-dominant equilibrium since it is a singleton set. The

1
2

a minimal p-best response set A? = {as,as}, for p > % For this scenario, our analysis

game in Figure 1b does not contain a p-dominant equilibrium for all p < 3, but it contains
below establishes the conditions under which the unique stochastically stable strategy is
contained in AP = {as, as}.

Given AP C A, let A? C A be the set of all absorbing sets of states containing only
strategies in AP. Strategies in AP are said to be uniquely stochastically stable if set
AP? is uniquely stochastically stable. We derive conditions under which AP is uniquely
stochastically stable (i.e. under which R(A?) > CR(AP),CR*(AP)) by exploiting the
properties of the process of contagion in networks. We distinguish between two forms of
contagion that are both used in the derivation of the main results: full contagion and
step-by-step contagion. Full contagion is the spread of strategies in A" C A to the whole
network through best response starting from a group of players whose size is less than
half the population size. Step-by-step contagion is derived by iteratively applying partial

contagion, which is the spread of strategies in A’ C A through best response from a group

16The notion of p-best response also exhibits monotonicity in that for p < g, a p-best response set of a
game is also a g-best response set of that game.
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aq as as a1 ag as

10 0 0 10 0 0
ai ai
6 11 8 6 11 8
as a2
5 8 13 0 8 13
as as
(a) (b)

Figure 1: (a) A 3 x 3 symmetric coordination game with strategy as as the p-dominant
equilibrium, for p > %; (b) A 3 x 3 symmetric coordination game with A" = {as, a3} as
the minimal p-best response set, for p > %

of players, say N’ C N, whose size, n/, is less than half the population size, to a group of
players whose size is larger than n’. These three concepts are formally developed through

the following series of definitions.

Definition 2. A sequence of strategy profiles {xt}fzo of (A,U,N,G, P), for somet > 2, is
a best response sequence if it satisfies the following properties: (i) for all 1 <t < t, there
exists at least one i € N such that x} # xi_,; (it) if x # x}_,, then xt € BR(0;(x¢-1))-

According to Definition 2, a sequence of states is a best response sequence if, (i) for
any pair of consecutive states x; and x;,; along the sequence, at least one player must
play a strategy in state x;; that is different from a strategy played in state x;; (i7) players
switch strategies through best response, that is, if i’s strategy in state x;,, is different

from the strategy played in state x;, then x! 41 is a best response to o;(xy).

Definition 3. Let (A,U, N, G, P) start from some x € X. Strategies in A" C A spread
through full contagion from a subgroup of players, M(A’;x) C N, if there exists some

t > 2 such that every best response sequence {xt}fzo with xg = x and x% € A" for all
i € M(A';x) satisfies at € A’ for alli € N.

According to Definition 3, when (A, U, N, G, P) starts from x, strategies in A" spread
through full contagion from a subset M(A’; x) if they spread to the whole network through
best response after all players in M(A’; x) play strategies in A’. Let u(A’; x) be the cardi-
nality of M(A’;x) and let u*(A’; x) be the size of the smallest group of players from which
strategies in A’ can spread through full contagion starting from x. Equivalently, u*(A’; x)
is the minimum number of mutations needed to trigger evolution of (A, U, N, G, P) from

x to some state in A’, a set of absorbing sets containing only strategies in A’.

Definition 4. Strategies in A* C A are fully contagious on G if, starting from every
x & A’, they can spread through full contagion from a group of u*(A’;x) < § players.

When maxygar p*(AP;x) < p*, we say that p* mutations to strategies in AP trigger

full contagion. From the definition of the coradius in Section 2.4, it follows from Definition
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4 that when strategies in AP are fully contagious on a given network, the coradius of AP
is bounded from above by maxy¢a» p*(AP;x). In the analysis that follows, we develop a
network measure that determines when strategies in AP can spread through full conta-
gion. Once such a measure is defined, it is then possible to establish an upper bound of
maxXyx¢ar f1*(AP;x), and hence, the coradius of AP.

Although the notion of full contagion enables us to derive the upper bound of the
coradius of AP the coradius is a less accurate measure of the cost of reaching A? from
any other state compared to the modified coradius. In some networks, the value of
maxygar (4°(AP;x), and hence, the coradius of AP, can be large (i.e. close to %), which
in turn requires imposing strict assumptions on the network structure to ensure that
R(AP) > CR(AP). Using the modified coradius can mitigate this problem because in
most cases, the modified coradius is less than the coradius of an absorbing set.

Recall that the modified coradius of AP is the cost of the minimum cost path that
passes along absorbing sets that are different from AP”. The notion of step-by-step con-
tagion captures the costs of evolution along sequences of absorbing sets, and can thus be
used to place an upper bound on the modified coradius of AP. Let N(A’;x) be the set of
players playing strategies in A’ in configuration x, and let n(A’;x) be the cardinality of

N(A’;x). Then partial and step-by-step contagion are formally defined as follows.

Definition 5. Let (A,U, N, G, P) start from some x € X and let x € D(W’), where
W' e A and W' # A’. Strategies in A" C A spread through partial contagion from a
subgroup of players, M(A";x; W) C N, to some absorbing set W # W', if there exists
some t > 2 such that every best response sequence {Xt}izo with xg = x and % € A’ for

all i € M(A';x; W) satisfies xp € W oand n(A'; xz) > n(A';x).

Let u(A’;x; W) be the cardinality of M(A’;x; W). Definition 5 states that strategies
in AP spread through partial contagion from a group M(AP;x;W) of players, where
x € D(W’), to an absorbing set W # W' if u(AP;x; W) mutations to strategies in AP
trigger an iterative process of best response where (A, U, N, G, P) eventually converges to
W. Let pu*(AP;x; W) be the size of the smallest group of players from which strategies in
AP can spread through partial contagion starting from x to W. Equivalently, u*(A?; x; W)
is the minimum number of mutations needed to trigger evolution of (A, U, N, G, P) from

X to some state in W.

Definition 6. Strategies in A" C A are step-by-step contagious on G starting fromx ¢ A/,
if there exists a sequence of absorbing sets Wy, Wa, -+ W, withx € D(W;) and Wy = A/,
and a corresponding sequence of strategy sets, As, As,--- , Ay, such that, for anyy € W,
strategies in Ay spread through partial contagion from p*(Aji1;y; Wis1) < 5 players.

Definition 6 states that strategies in AP are step-by-step contagious on a given net-
work if they spread to the whole network through iterative application of partial con-

tagion. That is, starting from x € D(W), there exists a sequence of absorbing sets
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Wy, -+ Wy, with W = W; and W; = AP, and a corresponding sequence of strategy sets
Ag, Az, -+ Ay, with Ay = AP such that along Wy,--- W, (A, U, N,G, P) evolves from
x to W5 through best response once p*(Asg;x; Ws) < § players play (mutation to) strate-
gies in Ay; and from any y € W, to W3 through best response once p*(As;y; Ws) < §
players play (mutation to) to strategies in As; and so on, until it eventually reaches AP.
When p*(Aji1;y; Wipr) < p*forall j=1,---,J —1, we say that p* mutations trigger
step-by-step contagion of strategies in AP starting from x.

We develop a new network measure, the contagion threshold, that not only deter-
mines when strategies in AP can spread through full contagion but also when they can
spread through partial, and hence, step-by-step contagion. The definition of the contagion
threshold is based on the following reinterpretation of the definitions of full and partial
contagion in Definitions 3 and 5. Given a network GG and any subset of players S C N, let
N;(S) = N; NS be the set of i’s direct neighbours within G that belong to subgroup S.
Let n;(S) be the corresponding cardinality of N;(S) and a;(S) = %ZS) be the proportion
of i’s neighbours in S.

From Definition 3, strategies in AP spread through full contagion if, for every best
response sequence {x, }._, satisfying the conditions in Definition 3, there exists a sequence
of players Sy, 59, - -+, S5, with S; = M(AP;x) and U£:1Sr = N, such that for each j € S,
and all 7 =2,3,--- ,t, a;(U;Z1S) > p. That is, every player in S, has at least proportion
p of their neighbours in Uj_;Sg. The inequality a;(U;Z;Sx) > p, for all j € S, and
T = 2,3,---,t, ensures that once all players in S; = M(AP;x) play strategies in AP,
all players in S7 U Sy subsequently play strategies in AP since each j € S5 has at least
proportion p of her neighbours in Sy; all players in S;USyU Sy subsequently play strategies
in AP since each j € Sy U S3 has at least proportion p of her neighbours in S; U Ss; this
iterative process continues until the whole network eventually plays strategies in AP.

Similarly, from Definition 5, strategies in AP spread through partial contagion from a
group of players, M(AP;x; W'), where x € D(W), to W’ # W if| for every best response
sequence {XT}LO satisfying the conditions in Definition 5, there exists a sequence of
players Sy, Ss, -+, S;, with §; = M(A?;x; W) = N(AP;x1), 59 = N(AP;x3),---,5; =
N(AP;xz), such that for each j € S, and all 7 = 2,3,--- ,#, «;(S;—1) > p. These
sequences of players have two main properties: first, the sets S;, for 7 = 1,--- ,¢, need
not be disjoint sets, that is, for any pair S and S, along the sequence, it is not necessary
for S; NS;41 = 0 to hold; second, S; C N (i.e. S;is a subset of N) because for partial
contagion, strategies in AP need not spread to the whole network.

Thus, the first step in defining the network measure that determines when strategies
in AP can spread though full and step-by-step contagion involves choosing a set of players
from which contagion can be triggered. We identify the first-neighbourhoods of players

(i.e. the set of direct neighbours of each i € N, with 7 included) as groups of players from
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which strategies in AP can spread through full and partial contagion.!'” For each i € N,
let B;, be the rth-neighbourhood of i (i.e. the set of all players within r steps from ¢, with
i included) and N;, be the r-order neighbours of i (i.e. all players that are located at r
steps from 7). These definitions imply that B; = iU N;, UN;,, U---UN, . Let b; and n;,
be the respective cardinalities of B; and NV;,.

Strategies in AP can spread from B; of any ¢ € N through either full or partial
N,

contagion if the corresponding sequence, B;,, N; i, » satisfies the conditions out-

29" " T

lined in the above reinterpretations of Definitions 3 and 5. That is, starting from any
x ¢ D(AP), b;, mutations to strategies in AP by all players in B;, can trigger full con-
N; Ni,, o;(B;,_,) > p for each j € N; and

tagion, if, along the sequence B ia; >
all 7 = 2’ e 7di (1e minTG[dei] minjeNiT aj(BiT_l) 2 p) Slmllarly, bi1 mutations to

i1 20"
strategies in AP by all players in B;, can trigger partial contagion, if, along the sequence,
Sy, 82, ,Sgwith Sy = By, S C By,,---,5; C By,, ap(S:—1) > p for each h € S; and

all 7= 2,--- ,t. The following lemma shows that such sequences are guaranteed to exist

whenever min ¢ g minjen, a;(B;,_,) > p.

Lemma 1. Let G be unweighted and strongly connected. If min,ejp g minjen, o;(B;,_,) >
p for all i € N, then there exist sequences of the form Sy = B;,, S; C B,;,,S3 C
Bi,, -+ ,S; C By, such that o, (S-—1) > p for allh € S; and all T =2,--- L.
Proof. See Appendix B

m

Thus, the sufficient condition for strategies in AP to spread through either full or partial
contagion from B;, is min,cp 4, minjen, o;(B;_;) > p. We then define the contagion
threshold, 7(G), as the minimum min ¢y g minjen, a;(B;,_,) over all i € N such that
strategies in AP spread from B;, of any ¢ € N through either full or partial contagion

whenever n(G) > p.

Definition 7. The contagion threshold of a strongly connected network, G, is defined as

Q(G) = min;ey min, e[z ¢,) Minjen, a;(Bi, ).

The definition of the contagion threshold in Definition 7 is specific to finite networks
but shares some similarities with the definition of the contagion threshold for unbounded
networks according to Morris (2000). Morris (2000) defines the contagion threshold of
an unbounded network as the maximum p such that a p-dominant strategy spreads to

the whole network through best response starting from a finite group of players. The

"The first-neighbourhood is not unique in this role. For example, cohesive subgroups (i.e. groups of
players where each member of the group has at least half of her interactions with other group members)
can also be used as groups of players from which strategies in AP spread through full and partial contagion
(see Morris (2000) and Opolot (2020) for a formal definition of group cohesion and how group cohesion
determines when strategies can spread through contagion).
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similarity between this definition and Definition 7 is that they both determine when a p-
dominant strategy is fully contagious. The difference concerns the definition of the group
of players from which a p-dominant strategy spreads contagiously. To be able to establish
the bounds of the coradius, modified coradius and radius of AP in finite networks, it is
necessary to precisely define the set and the number of players from which contagion
can be triggered. It is not sufficient, as in the case of unbounded networks, to require
strategies in AP to spread contagiously from a finite group of players without defining the

composition and the size of such a group.

3.2 Contagion, coradius, modified coradius and the radius of A?

This subsection discusses how full and step-by-step contagion determine the upper
bounds of the coradius and modified coradius of AP, and the lower bound of the radius of
AP. By definition of the contagion threshold, when n(G) > p, strategies in A? spread from
the first-neighbourhood of any player through either full or partial contagion. When full
contagion is feasible on an undirected, unweighted and strongly network G, the coradius of
AP is bounded from above by maxyga» pt*(A?; x). And since full contagion can be triggered
from b;, of any i € N, it follows that CR(AP) < maxyxgar u*(AP;x) < mingen b, = by for
any G where full contagion of strategies in AP is feasible.

To see the connection between step-by-step contagion and the modified coradius of AP,
consider any x € D(W) and W # AP, If Wy,--- | W, with W; = W and W, = AP, is the
sequence of absorbing sets along which some path, (x1,--- ,xr), from x = x; to xp € AP
passes, then (xy,- -+ ,X7) can be partitioned into sub-paths between absorbing sets. That
is, (x1,---,X7) can be partitioned into f;ll(le, -+, Xj,,), where, for j =1,---,J — 1,
(xj,,- - ,X;,,) is the sub-path of (x;,---,x7) that starts from x;, € W, and ends at
X;,, € Wj;1.'8 From (4), the modified cost ¢*(x1, X, - -+ ,xr) of path (x1,Xa,--- ,Xr) can

then be rewritten as:

J—1 J—1
C*<X17X27 T 7XT) = C(Xlly e 7X1T/) + Z C(Xj17 T 7XjT/) - Z R(Wj>
= =2

Let ['(x, A?) be the set of all sequences of absorbing sets along which paths from x to

18To avoid notational clutter, we write (x;,, -+ ,x;,,) for a typical path starting from W; and ending
at W41 whenever the sequence Wiy, .-, Wy is clearly defined. This notation should not be interpreted
to mean that all paths from W; to Wj 1, and for all j =1,---,J — 1, are of the same length, T'. These
paths can have different lengths. A more explicit notation would involve adding a quantifier for each T”,
but this would lead to notational clutter.
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AP traverse. Then the minimum modified cost of all paths from x to A? becomes

C*(x, A? min min c(xq,, -, X1
(x, A7) = (Wi, Wy)EP(x,AP) | (1, x1,, )eS(xwz)( b i)

J-1 J—1
ST i el xg,) - X ROV)

j=2 (le Xy JES(W;,Wj41)

By definition of partial contagion above, we have

min clx; .-+ . X, — min A 1yW .
(xh,---,ij/)eS(Wj7Wj+l) ( J1 ) ]T/) yew, 2 ( J+1y Y J+)

C*(x,AP) = min
(W1, ,Wy)€eT(x,AP)

p(Ag; x; Wa) + Z (yrgyvl W ( Ay W) — R(Wj)>]
(7)

We demonstrate in Section 4 below that when strategies in AP spread through step-by-
step contagion, then, along the sequence of absorbing sets, Wy, Ws, --- | W, that the mini-
mum modified cost path from x € D(W;) to AP traverses, R(W;) = ;IGI‘I/[I/IJ (A5 y; Wisa).
More specifically, we show that when strategies in AP are not fully contagious, there are
two other possible categories of paths from any x € D(W) to AP. The first category
of paths traverse through a sequence of only three absorbing sets, W, W’ AP, where W’
is an absorbing cycle containing both strategies in A? and A\ AP. Along this sequence,
R(W) = mingew p*(AP;y; W) and R(W') = mingew- p*(AP;y; AP). The second cate-
gory of paths traverse through a sequence of four absorbing sets, W, W', W" AP where
W’ and W" are absorbing cycles containing both strategies in AP and A\AP. Along
this sequence, R(W) = mingew p*(AP;y; W), R(W') = mingens p*(A\AP;y; W) and
R(W") = minyewn p*(AP;y; AP). For both categories of paths, it follows from (7) that
C*(x, AP) = miny .y p*(AP;x; W') < by, where the inequality follows because the partial
contagion of strategies in A” can be triggered from the first-neighbourhood of any player.

The modified coradius of AP then becomes
* P\ — * Py — Do~ N <

CR*(A?) Jnax C (x, A7) = max  min p*(A"x; W) < by (8)
Contagion not only determines the upper bounds of the coradius and modified coradius
of AP but also the lower bound of its radius. We demonstrate that when strategies in
AP are fully or step-by-step contagious, the diameter of the network determines when
the lower bound of the radius of AP is greater than b;. Specifically, we show that when
(A,U, N, G, P) starts from any x € AP, and d(G) > 7, b;, mutations to strategies in A\ A?

by all players in B;, of any ¢ € N are not sufficient to trigger an exit from the basin of
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attraction of AP.

The underlying intuition is that when d(G) > 7, each i € N has d; > 4 (see Lemma
2 for the proof), which implies that for all j € N;, UN;; U---UN;,, By, N By, =0 (ie.
there is no overlap between the first-neighbourhood of 7 and the second-neighbourhood of
7). This implies that, starting from any x € AP if all players in B;, mutate to strategies
in A\ AP, there exists at least one player j € N;, UN;; U---U N, for whom all players
in Bj, play strategies in AP. The definition of the contagion threshold implies that when
n(G) > p, (A,U,N,G, P) converges to AP from any configuration where all players in
B;, of any j € N play strategies in A? (i.e., b;, mutations to strategies in A? sufficiently
trigger full contagion on any unweighted and strongly connected network).'” Thus, when
n(G) > p and d(G) > 7, more than b;, mutations are required to trigger an exit from the

basin of attraction of A? so that R(AP) > b, > CR(AP?), CR*(AP).

4 Stochastic stability of the minimal p-best response

set

This section presents the main results of this paper. The following Theorem provides

the conditions under which strategies in AP are uniquely stochastically stable.

Theorem 1. Given an evolutionary process of best response with mutations, (A, U, N, G, P.),
on an undirected, unweighted and strongly connected network G(N, E), the minimal p-best

response set AP C A is uniquely stochastically stable whenever n(G) > p and d(G) > 7.

Proof. The following steps provide a sketch and the intuition of the proof of Theorem 1.
A detailed exposition is provided in Appendix C. The proof involves deriving the upper
bounds of the coradius and modified coradius, and the lower bound of the radius of AP.
It exploits the implications of the process of full and step-by-step contagion discussed in
Section 3.

We show that the upper bound of both the coradius and modified coradius of AP
is by = mingen b;,. To prove this result, we first show that when (A, U, N, G, P) starts
from any x ¢ AP, b; mutations to strategies in AP, for any i € N, trigger either full
contagion of strategies in AP or partial contagion where (A, U, N, G, P) converges to an
absorbing cycle of states containing both strategies in A? and A\ AP. For networks where
b;, mutations trigger full contagion, we have C'(x, AP) = p*(AP;x) < minsey b;, = by and
CR(A?) = maxyex\ar C(x, AP) < b;.

9To see why, let (4,U, N, G, P) start, at ¢t = 0, from any x ¢ D(AP) where all players in Bj, of some
Jj € N play strategies in AP. Then, from ¢ = 1 onward, all players in Bj, play strategies in AP since
n(G) > p implies that each h € Bj, has a;(Bj,) > p. From t = 2 onward, all players in B;, play strategies
in AP because each h € B;, has ay,(Bj,) > p; from t = 3 onward, all players in B;, play strategies in AP
because each h € Bj; has a;,(Bj,) > p; this iterative process continues until the whole network eventually
plays strategies in AP.
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Now, let C(A) be the set of all absorbing cycles of states containing both strategies in
AP and some strategies in A\AP. Let N] , for7 <r,7=1,2,--- di—landr=2,--- ,d,
be the set of players in V;_ that lie along the paths of length greater or equal to r. Put
differently, N/ is the set of all h € N; with N, __ N N; # 0 (ie. the set of players
in NN;, with at least one (r — 7)-order neighbour in N; ). For example, N} is the set of
all h € N;, with at least one second-order neighbour in N, (i.e. Np, N N;, # 0).° Let
N[T = N; \N] be the set of all players in N; that are not contained in N; , and nj and
n;_be the respective cardinalities of N; and NZ”T

We show that when b;, mutations to strategies in AP fail to trigger full contagion,
(A,U, N, G, P) converges to an absorbing cycle, W € C(A), where players in N} U N;, U
Nig U+ UN;, and i UNJ UN;, UN;;U---UN;,

AP and some strategies in A (i.e., including some strategies in A\ A?), and the rest play

_, alternate between strategies in
some strategies in A. We then show that, firstly, nj, mutations to strategies in AP, for
any 4 < r < d;, sufficiently trigger an exit from the basin of attraction of W to some
state in AP. Since this result holds for any ¢ € N, including player i = ¢+ € argminb;,
with the fewest number of direct neighbours, it follows that C'(W, A?) < n} < n], where
nj = mingey n;, and ny = miney Min,eg g, N, -

Secondly, if (A,U, N, G, P) exits the basin of attraction of W after less or equal to n]
mutations to strategies in A\ AP, then it converges to an absorbing cycle where players
in N} U N U N, U---UN;,, and iU N UNi, UNjgU---UN,,
strategies in AP and some strategies in A, and the rest play some strategies in A. Denote
this absorbing cycle by W’ € C(A). This implies that either R(W) = C(W, A?) (i.e.
when C'(W, AP) < C(W,W')), or R(W) = C(W,W’) (i.e. when C(W,W') < C(W, AP)).

Thirdly, we show that nfl mutations to strategies in AP sufficiently trigger an exit
i
cannot to trigger an exit from the basin of attraction of W’. This implies that R(W’) =
C(W' AP) < nj.

Thus, there are three possible minimum cost paths from any x ¢ D(AP) to AP.

_, alternate between

from the basin of attraction of W’ to AP. However, n; mutations to strategies in A\ A?

First, b; mutations to strategies in A? trigger full contagion from any x ¢ D(AP) so that
CR(AP) < by. Second, (A,U,N,G, P) converges to some absorbing cycle W € C(A)
after b; mutations to strategies in AP, and that the number of mutations to strategies

in A\ A? needed to trigger an exit from D(W) is greater than nj. For this scenario,

20The definition of N/ implies that, for r <s<r,7=1,---,d; —1,s=2,--- ,diand r = 2,--- ,d;,
N C N7 . For example, all j € Nf‘l are also contained in Ni?’1 and Nizl, but not vice versa.
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R(W) = C(W, A?) so that

(X ) Wrélcl(rlA) (x17X27“'T>rCl,11-}])-ES(X7W) C(Xl X2 XT )
+ - Yo, _R(W }
(Y1,y2,--~,r;1Tl)%S(W,Ap) c(y1,y2 yr) (W)
= min [C’(x, W)+ C(W, AP) — R(W)}
WeC(A)
WEin, € W) < by -

Third, (A, U, N, G, P) converges to some absorbing cycle W € C(A) after b; mutations
to strategies in AP, but the number of mutations to strategies in A\ A? needed to trigger
an exit from D (W) is less or equal to nj. For this scenario, there exists another absorbing
cycle, W € C(A) and W' # W, where C(W,W') < C(W, A?) and R(W) = C(W,W").
And following the above discussion, R(W') = C(W’, AP) so that

760 A = BB [ o
(x, AP) WIVEC(A) | (10, e €SIV c(x1, X9 )
min c(yi,ya, -, _ R(W
(y1,y2,,yT)ES(W,W') (Y1 Y2 yT) ( )
+ . Zo, -, — R(W'
(21,22, ’ZI?)lgs(W,7Ap) C(Zl Z ZT) ( )
" el PQM”+aWWW—MWH4MWA%—qu
W,W’eC(A)
WeC(A) Clx,W) <b 0)

Since equations (9) and (10) hold for any x ¢ D(AP) for which b; cannot trigger full
contagion, it follows that C'R*(AP) = maxyx¢p(ary minweea) C(x, W) < b;. The following
examples help to elaborate these steps.

Figure 2: An example of a network with contagion threshold (computed using the matrix-
based steps in Appendix A) of n(G) = 2 and d(G) = 8.

Example 1. Consider the network depicted in Figures 2, with the contagion threshold
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and diameter of n(G) = % and d(G) = 8 respectively. The players with the smallest first-
neighbourhood are 1 and 17, with by, = by7, = by = 2. Let p < %, and let (A,U,N,G, P)
start from some configuration x ¢ D(AP) (i.e. a configuration containing both strategies
in AP and A\AP). If players in By, = {1,2} both mutate to strategies in AP att =1, then

(A,U,N, G, P) will evolve as follows:

t=1 | All players in By, = {1,2} play strategies in AP; all other players play
strategies in A.

t=2 | Player 1 plays a strategy in AP since aq(By,) > p; a player in Ny, = {2}
plays a strategy in AP because as(By,) = 5 > p. All j € Ny, = {3,4} also
play strategies in AP because each has a;(By,) > % > % > p.2t All other
players play strategies in A.

t=3 | All j € By, = {1,2,3,4,5,6,7} play strategies in AP because each has
a;(B1,) > % > p and that all players in By, play strategies in AP at t = 2.

All other players play strategies in A.

t=8 | All players in By, = N = {1,2,3,4,5,6,7,8,9,10,11, 12, 13, 14, 15,16, 17}
play strategies in AP.

Thus, for this network, b, mutations to strategies in AP sufficiently trigger full con-
tagion, which implies that C(x,AP) < by for any x ¢ D(AP), and that CR(A?) =
MaXx¢p(AP) C(x,AP) < b.

Figure 3: An example of a network with contagion threshold of (G) = % and d(G) = 10.

Example 2. Consider the network in Figure 3, with the contagion threshold of n(G) = %

and diameter of d(G) = 10. Let (A,U, N, G, P) start from some configuration x where all
players play strategies in A\ AP, and let players in Bs, = {1,3,5} mutate to strategies in
AP att=1. Forp= % =n(G), (A,U,N,G, P) evolves from t = 2 onward as follows:

*INote also that for each j € Ny, since p < n(G) < oq < a;(By,), we have (1 —p) > (1 —1n(G)) >
(I1—-01) > (1—«aj(B1,)) > j(N1,). This implies that strategies in A\ AP are not best responses for
all j € Ny, since they are best responses only when played by more than proportion 1 — p of a player’s

neighbours.
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t=2
t=3
t=4
t=9

Thus, for this network, (A,U, N,G, P) converges to an absorbing cycle W € C(A)
where players in 3 U N3, U N3, U N3, U N3, and N3, U N3, U N3, U N3 U N3, alternate

Players in 3U N3, = {2,3,4,6,7,8} play strategies in AP since each has at
least proportion % = p of neighbours in Bs,. All j € N3, = {1,5} switch
back to strategies in A\AP because each has o;(Bs,) = 5 < p. All other
players play strategies in A\ AP.

Players in 3 U N3, play strategies in A\AP; players in N3, play strategies
in AP; a player in N3, = {9} plays a strategy in AP; all other players play
strategies in A\ AP.

Players in 3 U N3, U N3, play strategies in AP; players in N3, U Ns, play
strategies in A\AP; all other players play strategies in A\ AP.

Players in 3 U N3, U N3, U N3, U N3, play strategies in A\AP; and players
in N3, U N3, U N3, U N3, U N3y play strategies in AP.

between strategies in AP and A\ AP.*

We now show that n} = 1 mutations™ to strategies in AP sufficiently trigger an exit
from D(W) to AP, but n}

(A,U,N,G, P) evolves from t = 1 onward as follows:

Thus, n} mutations to strategies in AP sufficiently trigger an exit from D(W), which

implies that C(W,AP) < n}. Now, let (A,U,N,G,P) instead start (at t = 0) from

Players in 3 U Ny?l U N3, U N3, U N3, U N3, play strategies in AP; players in
NS U N3, UN3, U N3 UNs, play strategies in A\AP, where N = {1}.
Players in 3U N3, U N3, U N3, U N3, U N3 U N3, play strategies in AP, where
players in 3 U N3, U N3, U N3, all play strategies in AP because each has at
least % = p of their neighbours in {3,5} U Ns,, all of whom play strategies
in AP at t = 1. Players in N3, U N3, U N3, play strategies in A\ AP.
Players in Bs, U N3, U N3 play strategies in AP; players in N3, U N3, U N3,
play strategies in A\ AP.

Players in Bs, play strategies in AP; players in N3, play strategies in A\ AP,
All players in Bs, = N play strategies in AP.

22Note that the composition of this absorbing cycle can equivalently be stated as: players in 3 U N§’2 U
N3, UNsg UN3, and N§ U N3, U Nz, UN3, U N3, alternate between strategies in A? and A\ AP, and the

rest, consisting of players in ]\_/'331 U Nf;fQ, play strategies in A.
ZWhere n} = 1 because N§’1 = Ng‘l =...= Né’l = {5}.
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mutations to strategies in A\ AP cannot trigger exit from D(W).
Let (A,U,N,G, P) start (at t =0) from configuration'y € W where players in 3 U N3, U
N3, U N3, U N3, play strategies in A\ AP and players in N3, U N3, U N3, U N3, U N3, play
strategies in AP. Att =1, let a player in Ngl = {5} mutate to a strategy in AP. Then



configuration z € W where players in 3U N3, U N3, U N3, U N3, play strategies in AP and
players in N3, U N3, U N3, U N3_ U N3, play strategies in A\AP.** Att =1, let a player in
N3 = {5} mutate to a strategy in A\AP. Then (A,U,N, G, P) evolves fromt =1 onward

as follows.

t=1 | Players in N??l U N3, U N3, U N3 U N3, play strategies in AP; players in
3U NJ U N3, U N3, U N3 UNs, play strategies in A\ AP.

t=2 | Players in 3 U N3, U N3, U N3, U N3, play strategies in AP. Player i and
players in N§2 all play strategies in AP because each has at least % =D
of their neighbours in N§)1 playing strategies in AP at t = 1. Players in
N§2 = {6,7,8} play strategies in AP because for each k € N§2, there is a
j € N3, = {10,11,12} where Ny, N N;, C Ny,. This implies that, for each
k € Ny, ar(N3,) > an(Ny,) = ay(Bj,) > minen,, cu(Bj,) > n(G) =p = 3.
Since all players in N§3 C Ns, play strategies in AP at t = 1, strategies in
AP are best responses to all k € N3 . And since N3, = N3, U N3, it follows
that all players in N3, play strategies in AP at t = 2.

Players in N3, U N3, U N3_ U N3, U N3, play strategies in A\ AP.

t=3 | Players in N3, U N3, U N3, U N3 U N3, play strategies in AP; and players in
3U N3, U N3, U N3, U N3, play strategies in A\ AP.

Thus, (A,U, N,G, P) reverts to W after n} mutations to strategies in A\AP. Exiting
the basin of attraction of W through mutations to strategies in A\ AP requires more than n}
mutations, which implies that R(W) = C(W, AP) < n}. Following the above discussion,
and equation (9), it follows that C*(x, AP) = minweca) C(x, W) < by.

The second part of the proof of Theorem 1 establishes a lower bound of the radius of
AP, Following the implications of full and partial contagion discussed above, we show in
Appendix C that when 7(G) > p and d(G) > 7, b; mutations to strategies in A\ AP can
not trigger an exit from the basin of attraction of A?, and hence, R(AP) > b, + ¢, where
¢ is some integer greater or equal to one. The underlying intuition is that if d(G) > 7,
which, according to Lemma 2, also implies that d; > 4 for all ¢ € N, then there is no
overlap between the first-neighbourhood of any ¢ € N and the second-neighbourhood of
any j € Ny, U---UN;, (i.e. Bj,NBj, =0). As discussed in Section 3.1 (see also Footnote
19), when n(G) > p, (A,U,N,G, P) converges to AP from any configuration consisting
of at least one j € N with all players in Bj, playing strategies in AP. This implies that
when (A, U, N, G, P) starts from any state in A? and players in B; mutate to strategies
in A\A?, (A,U,N,G,P) will revert to AP whenever n(G) > p and d(G) > 7, so that
R(AP) > by +¢.

24Gtarting from configuration z rather than y represents the best possible starting point of exiting the
basin of attraction of W with nj mutations to strategies in A\AP.
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The above dynamics does not directly extend to networks with d(G) < 6. Firstly,
networks with d(G) < 4 contain at least one ¢ € N with d; = 2. For these networks, when
all players in B;, mutate to strategies in A\ A? starting from any x € AP, all players in
N;, can switch to strategies in A\ AP at ¢t = 2. Thus, b;, mutations to strategies in A\ AP
can trigger an exit from D(AP) to an absorbing state or cycle containing both strategies
in A? and A\ AP or only strategies in A\AP. Secondly, networks with 5 < d(G) < 6
contain at least one ¢ € N with d; = 3. For each i € N with d; = 3, N;, C B;, for all
j € N;,. This implies that when all players in B;, mutate to strategies in A\ A? starting
from any x € AP, the resulting configuration consists of players in Bj,, for all j € N,
playing strategies in A” and the rest play strategies in A\ AP. From such a configuration,
(A,U,N,G, P) can converge to an absorbing cycle containing both strategies in AP and
A\ AP (see the proof of the upper bounds of C R(A?) and C'R*(AP) above). The following

counter example helps to further illustrate this point.

Example 3. Consider an example of the network in Figure 4 with n(G) = % and consisting
of at least one player with d; = 3. Let p < n(G), and let (A,U,N,G, P) start from any
x € AP. If all players in Bg, = {4,5,6}, where player 6 has dg = 3, simultaneously mutate
to strategies in A\AP att =1, then att = 2, all players in {2,3,6,7,8} switch to strategies
in A\ AP because each has at least proportion % > % = (1 —p) of their neighbours playing
strategies in A\AP att = 1. Still at t = 2, all players in {1,4,5} play strategies in AP.
From t = 3 onward, these two sets of players (i.e. {2,3,6,7,8} and {1,4,5}) alternate
between strategies in AP and A\AP. A total of bs, mutations to strategies in A\AP are
therefore sufficient to trigger an exit from D(AP) to an absorbing cycle containing both
strategies in AP and A\ AP.

Figure 4: An example of a network with 1(G) = 2 and d(G) = 3.

To conclude the proof of Theorem 1, we see from the above discussion that when

p < n(G) and d(G) > 7, CR(AP) < by, CR*(AP) < by and R(AP) > by + ¢. Thus,

26



the inequalities R(AP) > C'R(AP) and R(A?) > C'R*(AP) hold, which implies that the
absorbing set AP, and hence, the subset AP C A, is uniquely stochastically stable.
m

5 Discussion and relation to the literature

We now discuss the implications of each of the conditions in Theorem 1. The first
condition requires the network to be undirected, unweighted and strongly connected.
The results of Theorem 1 extend to directed networks that are unweighted and strongly
connected. This is because the requirements we make in the proof of Theorem 1 regarding
the diameter of an undirected network, also hold for directed networks. It follow from
the proof of Lemma 2 that, for a directed, unweighted and strongly connected network
G(N,E),if d(G) > 7, then d; > 4 for all i € N. Thus, the steps undertaken to derive the
upper bounds of the coradius and modified coradius, and the lower bound of the radius
of AP hold for directed, unweighted and strongly connected networks as well.

Theorem 1 can also be extended to weighted and strongly connected networks but
only after accounting for link weights in the definition of the contagion threshold. Specif-
ically, for any j € N;,, let ¢;(B;,_,) be the proportion of j’s interactions with players in
B;, .. That is, if w;), is the weight of the directed link from j to k, then ¢;(B;, _,) =
2 keB;,_, Wik /e n; wji. The contagion threshold of a weighted network G is then defined

-1

as n(G) = miney min,ep g, Minjen, @;(B;,_,). To account for the link weights in the
total payoffs, the payoff to player i from playing strategy a; against configuration x can
be expressed as U; (aj | X) = Y ren, Wigu(a;, %), where 2* is the strategy played by player
k in configuration x. These definitions of the contagion threshold and the total payoffs
ensure that strategies in AP will be fully and step-by-step contagious in a weighted and
strongly connected network G whenever 1(G) > p, and that Theorem 1 holds for weighted
and strongly connected network.?’

Unlike directedness and weightedness, requiring a network to be strongly connected
is necessary for Theorem 1 to hold. When a network is not strongly connected, there
is no guarantee that strategies in AP can spread contagiously from neighbourhood B;,
of every ¢ € N. Similarly, there is no guarantee that d(G) > 7 implies that d; > 4 for
all © € N. The proof, and hence validity of Theorem 1, relies on these two conditions.
Note, however, that if an undirected network is not strongly connected, then it consists
of strongly connected components which can be analysed as separate networks. More
specifically, if G is the set of all strongly connected components of G and G, is a typical
element of G, then, when d(Gy) > 7 and 7(Gx) > p for all G, € G, strategies in AP are

25Specifically, these definitions of the contagion threshold and the total payoffs ensure that the deriva-
tion of the upper bounds of CR(AP) and CR*(AP) and the lower bound of R(AP) for a weighted network
follows the same steps outlined in Appendix C.
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uniquely stochastically stable in each component and in turn the whole network.

The second condition is a restriction on the diameter, d(G) > 7. This condition is
sufficient but not necessary for Theorem 1 to hold. It is easy to construct examples of
networks with d(G) < 7 where strategies in AP are uniquely stochastically stable. The
inequality, d(G) > 7, rules out highly centralized networks (e.g. a star network for which
all strategies are stochastically stable) and densely connected networks (e.g. a complete
network where each player interacts with every other player). Overall, this condition
does not limit the applicability of the results of Theorem 1. This is because real-world
networks (e.g. social media networks, collaboration networks in academia, etc.) are large
and sufficiently localized that their diameters are greater than seven.

The last condition relates p to the contagion thresholds n(G). The inequality, p <
n(G), is sufficient but not necessary for strategies in A” to be uniquely stochastically
stable. It is easy to construct an example where strategies in AP are uniquely stochastically
stable in a network with p > 7(G), but such examples cannot easily be generalized.

Our analysis and results are related to Opolot (2020) and Peski (2010) who also identify
network measures that determine which and when strategies are uniquely stochastically
stable. Opolot (2020) shows that for regular cyclic networks, if the mazimum group co-
hesion is less or equal to (1 — p), then there exists a threshold network diameter above
which strategies that form the smallest iterated p-best response set (i.e., a set of strategies
that remain after iterative application of the notion of a p-best response set) are uniquely
stochastically stable. And when the network diameter is greater or equal to two, strate-
gies in the minimal p-best response set are uniquely stochastically stable whenever the
maximum group cohesion is less or equal to (1 — p). Morris (2000) and Opolot (2020)
define the maximum group cohesion as follows.

For some Z C N and i € Z in network G, define 7;(Z, G) as the proportion of i’s
neighbours in Z. That is,

ni(Z,G) = NinZ
1
A group Z C N of players is a-cohesive if n(Z, G) = minez n;(Z, G) > «. The maximum
group cohesion in G is then n(G) = maxz-n n(Z, G).

Opolot (2020) also demonstrates with an example that although the maximum group
cohesion predicts unique stochastically stable outcomes in regular cyclic networks, it fails
to do so in some arbitrary networks. In contrast, since 1/A(G) < n(G) < i for all
strongly connected networks with d(G) > 7, where A(G) = max;en n;, is the size of
the largest first-order neighbourhood in G, Theorem 1 states that strategies in AP, for
I/A(G) < p < %, are uniquely stochastically stable in any undirected, unweighted and
strongly connected arbitrary network with > p and d(G) > 7.%°

26To see why the upper bound of n(G) is %7 first notice that for any ¢ € N and each h € N , for all
T=2,3-,di—=2,7r=2,3--- ,d; and 7 < r+2, there exists at least one j € NV;,, with N, "IV;, € N/

) ir41?
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The contagion threshold can also be defined using alternative reference groups. For
example, the cohesive subgroups, rather than the first-neighbourhoods of players, can be
used as reference groups from which strategies in AP spread. That is, let Z(G) denote
the set of all groups of players in GG that are %—cohesive. For each Z € Z(G), let Ny, be
the set of players in N\Z with at least one neighbour in Z; N, is the set of players in
N\{Z U Nz, } with at least one neighbour in Ng,; and more generally, Nz, is the set of
players in N\{Z U Nz U---U Nz _,} with at least one neighbour in Nz _,. Let dz(G)
be the diameter of Z in network G (i.e., the value of r at which N # 0 but N ., =0).
For any j € Ng,, let n;(Nz_,) be the proportion of j’s neighbours in Ny _,. Then the

contagion threshold of G can also be defined as

= 8 2l B, ) -

This definition of the contagion threshold ensure that strategies in AP can spread on G
through either full or partial contagion starting from any Z € Z(G) whenever 7'(G) > p.
From the proof of Theorem 1 and the discussion in Opolot (2020, Section 5), we conjecture
that when 7/(G) > p, there exists a threshold value of the minimum group diameter (i.e.,
the minimum dz(G) over all Z € Z(G)) above which CR(AP) < mingez(q) |Z|, and
R(AP) > mingezg) |Z| + ¢, where ¢ > 1 is some positive integer (i.e., the threshold
diameter at which strategies in AP are uniquely stochastically stable). The exact proof
of this conjecture is beyond the scope of this paper and is left as an avenue for future
research.

Peski (2010, Theorem 2 & Corollary 1) shows that for the BRM model, a (% - 5*)—
dominant strategy is uniquely stochastically stable under local interactions, where 0* is
defined below. That is, let strategy a € A be (% — 5*)—dominant, and for any pairi,j € N,
let g;; = 1 if there is a link from ¢ to j, and zero otherwise. Then configuration a, where
all players coordinate on strategy a, is uniquely stochastically stable on any network G
with ¢* = max;ey d; and

| |
0; = inf 5:‘V’SCN\N]-*ESifM > —+0, thenm >—-—90 (12)
= >j#i9ii 2 2 j#i Yij

If we label IV, the first-order neighbours of player i € N, as N; = {1,2,--- ,n;}, then the
set S satisfying (12) is such that when n; is even, S = {1,2,---, %}, and when n; is odd,

for whom 1 — ay(Bi, ;) > an(N;,,) > an(Nj,) = an(Bj,) > minen;, ai(Bj,) > n(G). This implies
that if o (Bs,_,) = ap(N] _) > 5 foreach h € NJ , forall 7=2,3--- ,d; —2 and r = 2,3--- ,d;, which

would imply that min, ¢ g, minen, o (B;,_,) > %, then n(G) <1 —an(B;,_,) < %
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S ={1,2,---,[%]}. This implies that:

0 if n; is even
% if n; is odd
where the equality for n; odd follows because when S = {1,2,---, [%]}, we have
> jes Yij _ (%W _1+ 2(%W -y :}+ 1
> j#i Gij n; 2 2n; 2 2n;
If we let do(G) be the size of the smallest odd neighbourhood in G*7 so that §* = 2501(G),
then the results in Peski (2010, Theorem 2 & Corollary 1) essentially state that a p-
dominant strategy is uniquely stochastically stable in network G if p < % (1 — 50(1G) 28

Thus, these results depend solely on the size of the smallest odd neighbourhood. Stated
this way, the contrast with our results becomes apparent.

First, the results in Peski (2010) offer more accurate predictions for evolutionary dy-
namics in densely connected networks (i.e. where dy(G) is large) — by more accurate
predictions we mean the upper bound of p at which a p-dominant strategy is uniquely
stochastically stable is as close to % as it can be for a given network. Our results instead
offer more accurate predictions in sparsely connected networks. For example, when the
smallest odd neighbourhood size is 3, Peski (2010, Theorem 2 & Corollary 1) predicts
that a %—dominant strategy is uniquely stochastically stable. However, in the example of
the network in Figure 3 above with §o(G) = 3, Theorem 1 predicts that a %—dominant
strategy is uniquely stochastically stable. Peski (2010, Theorem 2 & Corollary 1) fails
to predict the unique stochastically stable outcomes in any network containing at least
one player with n; = 1. This is because for such networks, do(G) = 1, and hence, p = 0.
An example of such a network is depicted in Figure 2 above, where Theorem 1 instead
predicts that a %—dominant strategy is uniquely stochastically stable.

Second, Theorem 1 establishes conditions under which p-best response sets are stochas-
tically stable and not just p-dominant strategies. This generalization is important because

games with a p-dominant strategy are an exception rather than the rule. In the absence

ZTThat is, if O is the set of all odd integers, then do(G) = min;e n.n,co M

28The proof of these results relies on the intuition that when p < 2 (1— =1

00(G)
[(1—p)n;] > [pn;]. That is, since (1 —p) >1—1 (1 - ﬁ) =1 (1 + 5()(17(;)), we have [(1 — p)n;] >

[ (m + %)W > [1(n; +1)], where the last inequality follows because 50y = 1. Similarly, [pn;] <

[ (nl - %)W < [4(n; —1)]. Since [1(n;+1)] > [4(n; —1)], it follows that [(1—p)n;] > [pn;]. This
inequality means that, if a € A is a p-dominant strategy, then the number of neighbours that must play
strategies in A\a for the best response to be within A\a is strictly larger than the number that must play
a for a to be a best response. The implication is that the cost of reaching a from any other configuration
will be strictly smaller than the cost of reaching any other absorbing set from all other configurations,
which makes a uniquely stochastically stable.

), then for every i € N,
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of a unique p-dominant strategy, the next best option may be to isolate strategies that

form the minimal p-best response set.

6 Concluding remarks

Evolutionary models with persistent randomness provide a framework for equilibrium
selection in games with multiple equilibria. These models employ stochastic stability as a
solution concept. However, recent developments have highlighted the lack of robustness
of stochastic stability to the interaction structure, to the extent that it fails to distinguish
between equilibria in 2 x 2 coordination games in some networks.

One approach that can lead to relatively robust predictions is to identify network
parameters and aggregate measures that determine the conditions under which stochas-
tically stable outcomes are unique. We adopt this approach and identify the contagion
threshold as one of such aggregate network measures. Network structures can then be
categorized based on their contagion thresholds and the predictions of stochastic stability
will be identical for networks with the same contagion threshold. We show that, with mild
restrictions on the network diameter and connectedness, strategies that form the mini-
mal p-best response set are uniquely stochastically stable in networks with the contagion
threshold of p.

The contagion threshold is just one among a potential list of network parameters and
aggregate measures that can robustly predict unique stochastically stable outcomes. More

research is thus needed to further explore the role of different network properties.

A Matrix-based steps for computing the contagion
threshold

The contagion threshold of a network can be computed through matrix-based repre-
sentation of networks. The network G(NN, E) can be represented by an adjacency matrix,
which, with a slight abuse of notation, is here denoted GG. The adjacency matrix is a zero-
one matrix with elements g;; = 1 if there is a link from ¢ to j, and zero otherwise. Recall
that the contagion thresholds is the minimum o;(B;, ,) over all j € N, , 7 =2,--- ,d;,
and i € N, where o;(B;, ,) is the proportion of player j’s neighbours that are contained
in B;, ,. For 7 =2,3,---,d(G), the values of o;(B;, _,), for all j € N;_ and i € N,
can be written in matrix form, here denoted by W (7). That is, W(7) is a matrix with
each element w;;(7) = o;(B;. ,) if j € N;, and zero otherwise. For this representation,
the contagion threshold is given by 7(G) = miney min,cp gq) min,z; wy; (7). For any
network with adjacency matrix G, the corresponding W (7) matrices, for 7 = 2,--- . d;,

can be computed from G through the following matrix-based algorithmic step. These
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algorithmic steps involve matrix multiplication and addition, which makes them tractable
— matrix multiplication can be executed in polynomial time of order three (Bini et al.,
1979).

Let I denote the identity matrix, and D(G), or simply D where no confusion arises,
be the diagonal matrix with the diagonal elements being the number of direct neighbours
of each player. More precisely, if ¢ is a column vector containing sums of rows of G (i.e.
¢i = Yjen gij for each i € N), then D(G) is a square matrix whose diagonal is ¢ and
zero elsewhere. For any arbitrary matrix M, let M be a matrix derived from M by
replacing all elements of M that are greater than one with one, and let M be a matrix
derived from M by replacing all negative elements of M with zero. These two matrix
operations can be extended to sums and products of matrices. For example, [H x M]M
is a matrix derived from the product H x M by replacing all elements of H x M that are
greater than one with one, and [H + M| is a matrix derived from H + M by replacing all
elements of H + M that are greater than one with one. The third operator that we use in
the computation of W (7) matrices is RepZero[M; Z], which takes two equal-sized square
matrices M and H, and replaces the element m;; of M with zero if h;; = 0, otherwise
m;; = my; if hy; # 0. For 7 =2,3,---d(G), each W (1) is computed as follows.

To compute W (2), first notice that the entries of G x G are the number of two-step
paths leading up to a given node (i.e. the ijth entry of G x G is the number of paths that
start from 7 and end at j in two steps). Thus, if all elements of G x G that are greater
than one are replaced by 1, then the ijth element of [G x G| is one if j is reachable
in two steps from 7, and zero otherwise. Note, however, that, for each : € N, we aim to

compute the values of a;(B;,) for all j € N;,, where NN,, is the set of the second-order
neighbours of i (i.e. players that are two steps away from ¢ and are not contained in B;,).
Note also that the ijth element of matrix I + G is one if j is in B;, and zero otherwise.
Thus, if we subtract [ + G from [G' x G, we end up with [[G x G| — (I +G)]1% whose
1jth entry is equal to one if j is contained in N;, and zero otherwise. Now, note that
the ijth entry of G x G, which is the number of two-step paths from i to 7, is equal to
the number of direct neighbours of j that are contained in B;,. This implies that the
ijth entry of RepZero [G x G;[[G x GIM — (I + G)][Oq is the number of neighbours of
j € N,, that are contained in B;, and zero otherwise. The W (2) matrix is then equal to
RepZero [G x G [[G x G)M — (I + G)][Oq with each ijth entry normalized by the number

of neighbours of j. That is
W(2) = RepZero{G x G;[[G x GIM — (I + G)][Oq x D(G)™*

The matrix W (3) is computed through the same steps above. To shorten notation, let
M(2) = [[G x G)M — (I + G)]. The product M(2) x G is the number of three-step paths
between pairs of players (i.e. the ijth entry is the number of paths that start from ¢ and
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end at j in three steps); and the ijth element of [M(2) x G|V is one if j is reachable in
three steps from ¢, and zero otherwise. The ijth element of matrix I+ G+ M (2) is one if j
is in Bj,, and zero otherwise. Thus, the ijth entry of [[M(Q) x G)H — (I +G+ M(Z))] .
is equal to one if j € N;,. The matrix W (3) is then given by

W (3) = RepZero| M (2) x G; [[M(2) x GV — (I + G + M(2))] Y | x D)

Letting M (3) = [[M(2) x G)M — (I+G+ M(2))}[0], the product M (3) x G is the
number of four-step paths between pairs of players, so that the ijth entry of [M(3) x G|
is one if j is reachable in four steps from ¢, and zero otherwise. The ijth element of matrix
I+G+ M(2)+ M(3) is one if j is in B;,, and zero otherwise. Thus, the ijth entry of
{[M(?)) x GIW — (I + G+ M(2) + M(3))] Ui equal to one if j € NV;,. The matrix W (4)
is then given by

W(4) = RepZero [ M(3) x G; [[M(3) x G — (I + G+ M(2) + M(3))] " | x D(@)™!
Let M(r) = [[M(r - 1) x G — 720 M(r)] ", where M(0) = I and M(1) = G.

Then, following the same steps in the above iterative process, the W(r) matrix, for
T=2,3,---,d(G) is given by

W (r) = RepZero

71 [0]
M(r—1) x G [[M(T 1) x G — ;)Mm} ] « D(G)™!

B Proof of Lemma 1

To prove Lemma 1, we first show that the following relation holds.
i i as(B, ) =min{ win oy (Be ). a5(B, ). i ey(Be)} (14

To prove (14), first notice that

min _min «o;(B;, ,) = min { min «o;(B;, ,), min ozj(Bl-T)} (15)

re{r,7+1} J€B;, JEBi, JEBi 44

Second, since all direct neighbours of any h € B, , are contained within B; |, it
follows that a,(B;, ;) = 1forall h € B;_,. And if 7+ 1 < d;, so that N;_,, # (), then
there exists at least one k € N;__, UN;_ with ax(B;__,) < 1, so that

JjEB;. JEN; _UN; JEN: 4 JEN,

min o;(B;, ) = min _ «a;(B;. ) = min{ min «;(B;, ), min ocj(BiTl)} (16)
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irt1 (6%} (qu—) = min {minjeNiT Q; (Bz}—)a minjENi,.+1 aj<BiT)}'
Third, note that ag(B;,) > ax(B;._,) for all k € N;_. This is because some of the direct
and that Ni-r Q Bi‘f‘ but Ni,— g B

Similarly, min;ep

neighbours of £ € N, are contained within N;_, iy

This inequality implies that

min {jiggg Oéj(szffl),jefgjil O‘j(Bif)} = min {jg}l\,jfll o;j(Bi,_,), min Oéj(Binl)ajef}lvjil %’(Bu)}
This proves equation (14).

Now, considering the minimum minjep, o;(B;,_,) over all » = 3,--- ,d;, it follows
from (14) that

min min o;(B; = min < min o.(B; min min . (B;
ref3.di] €8s, iBisy) {jeNiQ il 22)’r6[3,di]j€NiT i(Bi)

> i, i (B o
where the inequality on the right hand side of (17) follows because ay(B;,) > ay(B;,) for
all k € Nj,. Thus, when min,cp 4, minjey, o;(B;,_,) > p, min,ezq,) Minjep, o;(B;_,) >
p, and since S; C B, for all 7 = 2 ... d;, it follows that for any sequence S3 C
By, ,Sa, C B, , ap(Sy_1) > p foreach h € S; and all 7 =3,--- ,d;.

It then remains to show that when min,¢jp g, minjen, a;(B;,_;) > p, there exists some
Sy C B, with ap,(S1) = an(B1) > pforeach h € Sy. Indeed, from (16), minjep, «;(B;,) =
min {minjeNil (B, ), minjen,, ozj(Bil)}. Since min,ep 4,) Minjen, o;(B;,_,) > p implies
that minjen,, a;(B;,) > p, it follows that there exists some subgroup of players Sy, where
Ny C Sy C By, with a(By) > p for each h € 5.

Thus, when min, ¢z g, minjen, a;(B;,_,) > p, for any i € N, there exist sequences of
players, S1,Ss,S3,- -+, S with S; = By, S3 € B;,, 83 € By,,--+,S; € By, such that
anp(S;_1) >pforall h € S, and all 7 =2, -+ ¢, where t < d;.

12

C Proof of Theorem 1

Before deriving the upper bounds of the cordadius and modified coradius and the lower
bound of the radius of AP, we first show in the following lemma that, for an undirected,
unweighted and strongly connected network G, d(G) > 7 implies that d;(G) > 4 for all
1€ N.

Recall that a directed path from i to j is a finite sequence (i, i, -+ ,4,), with i = iy
and ¢, = j, that is connected through distinct directed links; d;; is the length of the
maximum shortest path from ¢ to j; d; = max;y; d;; is the length of the shortest path

from i to any other player; and d(G) = max;ey d; is the diameter of G.
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Lemma 2. For an undirected, unweighted and strongly connected network G, if d(G) > 7,
then d; > 4 for allt € N.

Proof. We first show that, for an undirected unweighted and strongly connected network
G, if d(G) is even, then d; > “C) for all i € N, and if d(G) is odd, then d; > XD+ for
all7 € N.

Consider any directed path that forms a diameter of G (there can be many such paths),
and label the elements along this path as ¢ = 41,49, -+ ,14G)+1 = J. Since 1,57 € N are
the end points of this path, and that G is strongly connected and undirected, it follows
that j € Ni, , i € Nj,. and di; = d; = d; = d(G). If d(G) is even, then the distance (i.e.
the number of steps) from id<a)+1 (the player at halfway point along (i1, 92, ia(@)+1))
. If d(G) is odd, then
Zd(G)+1 and Zd(G +3 are the players that halfvffay pomt along 11,19, - ig(@)+1- And the

1d(G)+37%
-2

to players ¢ and j is exactly , That is, d;

iaG) =d, d(G)

dlstances from Zd(G)+1 to j and Zd(G)+3 to 7 is exactly ) . That is, dldm)ﬂj

d(G)+1
.
This implies that for every player, h, along (i1,2, - ,iqc)+1), dn > @ when d(G)

d(G)+1
2

is even, and d;, > when d(G) is odd. And since the network is strongly connected,
there exists the shortest path connecting every other player, k # h, that does not lie
along (41,72, ,%q(c)+1), to some h along (i1, 4z, ,iq)+1). For all such players, dj, >
din + d(G if d(G) is even, and dj, > dyp, + % if d(G) is odd. Thus, when d(G) is even,
d; > G) for all ¢ € N, and when d(G) is odd, d; > d(GT)H for all i € N, and hence, when

d(G’)Z?,dizélforalleN. O

The upper bounds of the coradius and modified cora-
dius of A?

We aim to show that, for evolutionary processes (A,U, N, G, P) and (A,U, N, G, P.)
on an undirected, unweighted and strongly connected G, if p < 7(G) and d(G) > 7, then
CR(AP) < b, and CR*(AP) < by, where b; = min;cy b;,. The proof follows in four steps.
First, we show that when (A,U, N, G, P) starts from any x ¢ D(AP), b; mutations to
strategies in AP trigger either full contagion of these strategies or an iterative process of
best response where (A, U, N, G, P) ultimately converges to an absorbing cycle of states
containing both strategies in A? and A\ A?.

Second, for a scenario where b; mutations to strategies in AP fail to trigger full con-
tagion, (A,U,N,G, P) converges to an absorbing cycle W € C(A) where players in
N} UNj; UN;; U---UN;, and iU N} UN;, UN;gU---UN;

strategies in AP and some strategies in A, and the rest play some strategies in A. Third,

dim1 alternate between

at most nj mutations to strategies in AP sufficiently trigger an exit from the basin of
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attraction of W € C(A), so that C'(W,A?) < nj. This implies that if the number of
mutations to strategies in A\ A? that trigger an exit from D(W) is greater than n}, then
R(W) = C(W, AP).

Fourth, we show that in a scenario where the number of mutations to strategies in
A\ AP that trigger an exit from the basin of attraction of W is less or equal to nj, there
exists another absorbing cycle W’ € C(A) and W’ # W, where R(W) = C(W,W’) < nj.
For any such W’ € C(A), n] mutations to strategies in AP trigger an exit from D(W’)
to AP, but n] mutations to strategies in A\ AP cannot trigger exit from D(W’), which
implies that R(W’) = C(W’, A?) < n}. Following the discussion in Section 4, together
with equations (9) and (10), we then demonstrate that these four results imply that
CR(AP) < b, and CR*(AP) < ;.

Let (A,U, N,G, P) start from any x ¢ D(AP), and at t = 1, let all players in B;, of
any ¢ € N mutate to strategies in A?. Then from ¢t = 2 onward, (A4, U, N,G, P) evolves
as follows, where we write i — A" and N’ — A’ to mean i and respectively each player in
N' plays a strategy in A’.

t=1 | B;, — AP,

Ni, U N;, U~--UNZ-dZ_ — A.

t=2 | iUN;,, — AP where i plays a strategy in AP because all j € N;, play strategies in
AP at t = 1. Players in N;, play strategies in AP because each h € N;, has ap(B;,) >
1n(G) > p, and that all j € N;, play strategies in AP at t = 1. Note that no h € ]\71-32
will play a strategy in A\ AP even if all players in NV;, and N;, play strategies in A\ AP
at t = 1. This is because for each h € N}, ap(B;,) > n(G) > p implies that (1 —p) >
(1-n(GQ)) > (1 —an(Bi;)) = an(N;y; UNy,). Since (1 —p) > ap(N;, UN,), strategies in
A\ AP are not best responses to any such h because they are best responses only when
played by more than proportion 1 — p of neighbours.

Niy UN;; UN;,, U--- U Nidi — A. Note, however, that some players in N;, will play
strategies in AP; for example, all j € 1\7221 (i.e. all j € Ny, with N N N;, = 0) play
strategies in AP because each has all their direct neighbours within B;,, all of whom
play strategies in AP at ¢ = 1. But since AP C A, we simply write IV;;, — A. Moreover,
for the rest of the remaining analysis, it is sufficient to only keep track the strategies

played by the players in i, N3, N} N3 N2 Nig, Niyy -+, N,

21 217 127 127 idi'
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t=3
t=4
t=25
t=6
t="7
t=d;

Nz-?’1 UN;, — AP, All h € Nf’l play strategies in AP because, firstly, each has at least one
second-order neighbours in V;, (i.e. Np,NN;, # 00), which implies that, for each h € NZ-?; ,
there exists some j € N;, with N, N\Nj, = Ny, NBj, # 0 and Nj,, NNy, (\Nj, NNz, # 0.
Since for ecach h € N} and j € Nj,, Ny, NN;; € N (i.e. all direct neighbours of h € N
that are also direct neighbours of j € N;, are contained within Ng), it follows that
ap(N2) = ap(Nj,) = ap(Bj,) = mingen;, ax(Bj,) = 1(G) > p. The first inequality,
ah(Ni?;) > ap,(Nj,), holds because, if there is more than one j € Nj,, then for each
h € Nj?’17 it is not necessary for all N, C Nf; (i.e. direct neighbours of h that are
contained in V;,) to also be contained in Nj,. Secondly, since all players in Ng C N,
play strategies in AP at t = 2, and by the above inequality, ah(Ni?;) > n(G) > p for
each h € N j31, strategies in AP are best responses to all h € N 331

All players in N;, play strategies in AP because each | € N;, has ay(N;,) = a;(Bi,) >
1(G) > p and all players in N;, play strategies in AP at ¢ = 2.

iUN2 UN; UNj, UN;z U---UN;, — A

Z'UNE2 UN;, — AP. Player i plays a strategy in AP because for each j € NE;, N; NNj;, C
Ni31 (i.e. all direct neighbours of j € NZ-?; that are also direct neighbours of ¢ are
contained within N?). This implies that, for any j € N2, ai(N?) > os(Nj,) =
a;(Bj,) > mine y;, a;(Bj,) > n(G) > p. And since all players in Ni play strategies in
AP at t = 3, it follows that a strategy in A? is a best response to player ¢. Players in Ng
N, NN;; C N3

play strategies in AP for the similar reason. That is, for each k € N} b

2
which implies that ax(N;}) = ap(Ni;) = ax(Bi;) > 1(G) > p, and hence, strategies in
AP are best responses to all k € Ni?;.

Players in N;, play strategies in AP because each [ € N;, has a;(N;,) = aqi(Bi,) >
1(G) > p, and that all players in Nj, play strategies in AP at t = 3.

Niy UNE U Nijy UN;j; UN;U---UN;, — A

N? U N;, U Ny — AP. Players in N U N;, play strategies in AP for the same reasons
outlined in ¢t = 3 above. Players in N;, play strategies in AP because each [ € N;; has
a;(Niy) = ay(B;y) > n(G) > p, and that all players in N;, play strategies in AP at t = 4.
iUN? UNip UNj, UNig UN; U---UN;, — A.

Following the same steps above, i U NE; U N;, UN;g — AP,

Ni, UNZ U Ny, U Ny UN; U---UN,;, — A

N2 UNj; UNj UN;, — AP

iUNZ UNi UN;j, UNig UN; U---UN;, — A.

If d; is an odd number, then:

N} UNj; UNj; UN;; U---UN;, — AP
iUN}, UNj, UNi, UNjg UNgU---UN;,
If d; is an even number, then:

iUN2 U N;, UNjg U Ny U---UN;, — AP,
Niy UNE U Njg UNig UN;; UNg U---U N,

— A.

-1

— A.

—1

Thus, from t = d; iterations onward, if d; > 3, then the iterative process will converge
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to either an absorbing state/cycle containing only strategies in A?, or to an absorbing cycle
containing both strategies in AP and some strategies in A\ A?. Specifically, if players in
iUNZUN;,UN;,UN; U- - -UN;, _, for d; odd, and players in N;, UNSUN;,UN; U- - -UN;,
for d; even, all play strategies in AP C A after t = d; iterations, then (A,U, N, G, P)
converges to an absorbing set containing only strategies in AP. For this scenario, b;,
mutations, for any ¢ € N, to strategies in AP sufficiently trigger evolution from any
x ¢ D(AP) to AP so that CR(AP) = maxy¢p(ar) C(x, AP) < b;.

We use the following definitions and notation in the following steps where we examine
the evolution of (A,U, N,GP) out of absorbing cycles containing both strategies in AP

and some strategies in A\ AP.

NI NZ] For r = 3,4, --- ,d;, ]\_ffl [N} ] is the set of players in NZ; (i.e. the set of
players in NN, that are not contained in N7 ) that are one step away from
at least one player in N; . That is, for each j € Ni”l [N} ], there exists at
least one h € N, where j € N,,. For example, in the network of Figure 5,
N} [NY ] = {7}

NI NI For r = 3,4,--- ,d;, Nj,[N]] is the set of players in N;, that are one step
NI N away from at least one player in N7,. That is, for each j € N/ [N/], there
exists at least one h € Nj, where j € Np,. For example, in the network
of Figure 5, N{ [N{ ] = {3}. Similarly, N7 [N7] is the set of players in N,
that are one step away from at least one player in Nj . That is, for each
VES NZTQ [N} ], there exists at least one h € N] where j € Nj,. For example,
in the network of Figure 5, N? [N ] = {3,14}.

NIINEINEY | For r = 3,4,--- ,d,, ]\7[1 [N[l [N} ]] is the set of players in N[l that are one
step away from at least one player in i U Ni”l [N{]. That is, for each j €
NI [NF[N7], where j € Ni but j ¢ i U N/ [N} ], there exists at least one
h € i U N [N]] where j € Nj,. For example, in the network of Figure 5,
N3 N3 N3] = {8,10}.

Now, let W € C(AP) be an absorbing cycle where players in Ni UN;,UN;U- - -UN;, and
iUNE; UN;,UN;,U-- 'UNidi_l alternate between strategies in AP and some strategies in A,
and the rest play some strategies in A. More specifically, consider any two configurations
y,z € W € C(AP) with P(y,z) = 1, where y consist of all players in N UN;, UN;, U---U
Nidi playing strategies in AP, and all players in 7 U Ni UN, UN;, UN;,;U---U Nidi—l play
strategies in A; and configuration z consists of all players in iUNZ-?; UN;, UN;U---UN;, -,
playing strategies in A”, while all players in N;, U Ng UN;, UN; U---UN; 0 play strategies
in A. Let (A,U,N,G, P) start from y, and let all players in N; , for 4 < r < d;, mutate
to strategies in AP at ¢t = 1. Then for d;, > 4, (A,U, N,G, P) evolves from ¢t = 1 onward

as follows:
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Figure 5: For player 1, the above defined subsets have the following composition: Nf’l =
{2,13}; NP [N ] = {7} Vi, [N7 ] = {3, 14}; and Ni, [N} ] = {14}.

t=1 z'uNg“luNguNuuNiﬁu---uNidrl—>AP;
NguNiuNiguN%u---uNidi — A.
t=2 z'UN,?1 UnNy, UNZ-?;[N%] U Niy UNijs U=+ UN;, — AP. Player i plays a strategy

in AP because for each k € N, Ny, N N;; C N/, which implies that, for any
k € Ni,, a;(N) = ai(Ny,) = @i(By,) = minen,, ay(Bg,) = n(G) = p. And since
all players in N/ play strategies in AP at ¢t = 1, a strategy in A” must be a best
response to player .

Players in Nf’l play strategies in AP because for each k € Nf’l, there exists at least
one j € Ny, with Ny, N N;; € N2, which implies that ag(N) > ap(Nj,) =
ax(Bj,) > mingen;, au(Bj,) > n(G) > p. And since all players in N} play strate-
gies in AP at t = 1, strategies in AP are best responses to all k € NZ-?’I.

Ny, N N;, € N/,

717

Players in N/ play strategies in AP because for each k € N/ ,
which implies that ap(N] ) = ar(Ny) = ar(Biy) > n(G) > p. And since all
players in N/ play strategies in AP at t = 1, strategies in AP are best responses to
all k € N,

To see why players in NE; [Nf;} play strategies in AP, first observe that no k €
Ni‘z [N2] is a direct neighbour of any j € Nj,. That is, if k € Ni‘z [N2], then
k ¢ Nj, for all j € N;,. This observation implies that, for each k € Ng [N2], there
exists at least one j € N;; where Ny, N Nj, € N2, so that ai(N2) > ap(Nj,) =
ax(Bj,) > minen;, (Bj,) > n(G) > p, and hence, strategies in AP are best
responses.

Players in N;; UN;; U--- U N,;di play strategies in AP because each h € N;, and
l €N, forr =5,7,--- ,d;, has ap(N) = an(Ny,) = ap(Bi,) > 1n(G) > p and
o (Ni,_,) = ay(Bi,_,) > 1(G) > p respectively. Since all players in N and Nj,_,,
for all r = 5,7,--- ,d;, play strategies in AP at t = 1, strategies in AP are best
responses to all players in N;; UN;, U---U Nidi'

Finally N3 U NZ\NZ[N2]UNj, UN;jgU---UN;, _, — A
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iU N; UNBINBJUNS UNS[INZI\{NE[N3] N N2INE]}U NS [N U NG U NG, U
NjgU---U Nidrl — AP, Players in 1 U NZ-’"1 U Ni?; UN;, UN;yU---U Nidrl all play
strategies in AP for the same reasons outlined in ¢ = 2 above.

To see why players in N3 [N2] U N2 [N3]\ {]\7232 [N2]NNE [Nf;]} play strategies
in AP, first observe that for each k € ]\_fi‘g1 [N2]U NZ-32 AN {Ng [N2]1N NZ-:'; [Ng]},
where k ¢ N2 [N2], and any j € N2, we have Ny, N N;, € N2 UN2Z[N2] (i.e., all
direct neighbours of any k € N2 [N}] U N2 [N?], that are also direct neighbours
of some j € N2, are contained within N} U N2 [N?2]). This implies that for each
ke N2IN2JTUNZINZ)\ {Ng N3N N2 [NZ?;]}, there exists at least one j € N}
such that oy, (N3 UNZINE]) > ax(N;,) = ax(Bj,) > mingen,, oau(Bj,) > n(G) >
p. And since all players in N3 U N2 [N3] play strategies in AP at ¢ = 2, strategies
in AP are best responses to all k € N3 [N3]U N3 [N3]\ {Ng N3N N} [NE’Q]}
Players in Ng [N],] play strategies in AP because, firstly, no k € NE’Q [N;] is a
direct neighbour of any j € Nf,. That is, if k € N2 [N/ ], then k ¢ Nj, for all
J € N/,. This observation implies that, for each k € Ni?; [N[Q], there exists at least
one j € Nj, where Ny, N N; C N[, so that ax(N]) > ap(Nj,) = ax(By,) >
mine N, a(Bj;) > n(G) > p. Secondly, since all players in NJ, play strategies in
AP at t = 2, strategies in AP are best responses to all k € ]\7132 [N, ]

Players in N/, play strategies in AP because for each h € N, Ny, N Ny, C NJ |
which implies that aj(N],) = an(Ni,) = an(Bi,) > n(G) > p. And since all
players in N play strategies in AP at ¢t = 2, strategies in AP are best responses to
all h € Nj,.

{NE\NZINZ}UNZ {N;’; N U N3N\ { N3 N3] 0 N [Ng]}} UNZUN;, U
Ni7U"'UNidi — A.
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t=4 | {UN, UNZUNS[NSJUNE NG\ { N3 N3] 0 NS INE] BUNG UNG UNG U - -UN;,
AP, Players in i U NJ, UN3[NE] U NZINE\{ N3 [N2] 0 NEINE] U NG U NG U
Nip U---UN;, all play strategies in AP for the same reasons outlined in ¢ = 2 and
t = 3 above.

To see why all players in N;, play strategies in AP, first notice that Ni31 UNE; [Nf’l] U
N3 [NZ[N2]] = Ni; and similarly, N7 U N7 [NF] U N.[N][N]]] = N;,. Now,
players in Ni?’l play strategies in AP for the same reasons outlined in ¢ = 2. Players
in N[l [N} ] play strategies in AP because, firstly, for each k € N{l [N/ ], and any
j € Ni,, we have Ny, NN, € NJUN/ [N]], where NJ,[N}.] C N}[N.JUNZ\N;..
This implies that for each k € NI [N]], there exists at least one j € N/ such
that ay (NZ’"1 UNZ;[N[Q]) > ag(Nj,) = ag(Bj,) > minen;, a(Bj,) > n(G) > p.
Secondly, since all players in Nj, UN{ [N} ]| play strategies in A? at t = 3, strategies
in AP are best responses to all k € N/ [N/ ].

Players in N2 [N? [N2]] play strategies in AP because, firstly, each k € N3 [N? [N?]]
is not directly connected to any player in NE’I, but there exists at least one j € Nfl
where N, NN, C Ni31 [Ng]UNg [N3]. This implies that for each k € Nfi [Nf’l [N21],
there exists at least one j € NE’l where ay (Nf’l [Nf’l] UNE; [Nf’l]) > ai(Nj,) =
ax(Bj,) = minen;, ai(Bj,) > 1(G) > p. Secondly, since all players in Nf’l [N31U
Nf; [Nf’l} play strategies in AP at t = 3, strategies in AP are best responses to all k €
N} [N} [N?]]. Finally, since N/ C N2 and N}, [N [N%]] € N3 [N? [N? ]JUN?\NZ,
it follows that all players in N}, U N{ [N].]U N[ [N] [N]]] = N;, play strategies in

AP at t = 4.
N\ { M3 V3] U NN {NBINE] 0 N ING T UG UNGGUNGUs UG,
A.

t=5 Z‘U]\filU]VZ'QUZVZE3 UNi4UNi6UNi8U"'UNidi_1 — AP. Players in’iUNilLJNigU

NigUNigUNU---UN;,
int=2,¢t=3and ¢t = 4 above. Players in N;, play strategies in AP because
each k € N;, has ax(B;;) > 1n(G) > p, and that all players in B;, = iU N;; play
strategies in AP at t = 4.

N, UNi; UNj; UN;jgU---UN;, — A

t=6 Bi; U Ny U Ny U Nig U Nz U Ny U=+ - U N, — AP,

Niy U Nig UNig U Njjg UN;, U= U N, — A

t="7 B, UNjg UNjgU---UN;, | — AP

Ni5UNi7U“'UNidi — A.

_, all play strategies in A? for the same reasons outlined

t=d;+2 | B
t=d;+3 | B

ia, 1 — AP;and Ny, — A.
=N — AP

ia

Thus, nj, mutations to strategies in AP sufficiently trigger an exit from the basin of
attraction of W € C(A) to AP. Since this holds for all i € N, it follows that n} < n]

mutations to strategies in AP also sufficiently trigger an exit from D(WW) to AP, so that
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C(W, AP) < nj.

Now, consider again the two configurations y,z € W € C(A) defined above, and let
y be a subsequent configuration to z so that P(z,y) = 1. Let (A,U, N, G, P) start from
z at t = 0, and let a subset of players S; C Ny, for 4 < r < d;, mutate to strategies in
A\A?P at t = 1. Given that d; > 4 foralli € N, (A,U, N, G, P) evolves from t = 1 onward
as follows.

t=1| N2\S; UN;; UNj; UNg, U---U N;, — AP.
Si — A\AP,

iUN}, UN; UNj, U---UN;, , — A
t=2| N UN;, UNig UNjg U---UN;,
because for each k € Né, there exists at least one j € N;, with Ny, NN;, C Né,
which implies that ay(Ny,) > ax(Nj,) = ap(Bj,) > minen;, ou(Bj,) = n(G) > p.
And since all players in Nf;) C N, play strategies in AP at t = 1, strategies in AP

— AP. Players in Né play strategies in AP

are best responses to all k € Nf;.

Players in N;, play strategies in A? because for each k € N, ap(N;,) = ap(Bi;) >
1n(G) > p. And since all players in Ni‘é C N,, play strategies in AP at ¢t = 1,
strategies in AP are best responses to all k € N;,.

1 U N; U Nf; UN;, UNj; U -+ U Nidi — A. Players in N;,, including players
in S,

iUS; U Nfl U N;, that all play strategies in A at ¢t = 1. Similarly, there is no

play strategies in A because they are surrounded by direct neighbours in

guarantee that players in ]\_ff;, or even players in Ng\Nfg, will play strategies in
AP, For example, all players in Nf; [Nf‘l] play strategies in A because, although
all their direct neighbours in N;, U Ni \Nf‘1 play strategies in AP at t = 1, all
their direct neighbours in Nf‘l play strategies in A\ AP.

t=3 Ni41 u]\féu]\k5 UN;, U---UN;, — AP Players in Nfl play strategies in AP because
for each k € N}, there exists at least one j € Ni‘é with Ny, N Nj € N;, which
implies that ay(N;y) > ap(Bj,) > mingen;, «(Bj) > n(G) > p. And since all
players in Nf; play strategies in AP at t = 2, strategies in AP are best responses
toall k € Nfl.

All k € N}, play strategies in A because each has oy, (N;L) = ap(Bi,) > n(G) > p,
and that all players in NfQ play strategies in AP at t = 2.

iUN UN;, uNéuNi4uNi6u--~uNidi_l — A.

t=4 iuNguNi4uNi6u---uNidi
for each k € N}

127

_, — AP. Player i plays a strategy in AP because
N, NN;, C Nfl, which implies that, for any k € Nf;, ai(Nfl) >
a;(By,) > n(G) > p. And since all players in Nz41 play strategies in AP at ¢ = 1,
a strategy in AP must be a best response to player 7.

All k € N} play strategies in AP because each has o, (N;}) = ay(Bj,) > n(G) > p,
and that all players in Nf‘l play strategies in AP at t = 3.

Niy UNAUNg UNj; U---U N, — A
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t=5| Njy UN;; UN;; UN;; U---UN;, — AP,

iUNj UNp UNLUN, UNjgU---UN;, = A

—1

Thus, if (A,U, N, G, P) exits the basin of attraction of W after less or equal to nj
mutations (i.e., after a subset of players in N/, for any i € N, mutate) to strategies
in A\AP, then it converges to an absorbing cycle, W’ € C(AP), where players in N} U
NguNisu---UNidi andiUNéUNi4UNZ-GU---UNidi
in AP and some strategies in A, and the rest play some strategies in A. Depending
on the network structure (e.g., when N} = N} N? = N and N;, = N}.), it is also
possible for (A,U, N, G, P) to revert to W € C(AP), an absorbing cycle where players in
Nf’l UN;; UN; U---UN;, and iUNf2 UN;,UN;;U---UN;, | alternate between strategies
in AP and some strategies in A, in which case R(W) = C(W, AP) (see the above discussion
that).

Now, let u,v € W’ € C(AP), with P(u,v) = 1, be two subsequent configurations
where u consist of all players in Nj; U Nj; U N;; U--- U N;, playing strategies in A?,
and all players in i U N;; U N;, U Njj U N;, U N U---UN;, _, play strategies in A; and
configuration v consists of all players in ¢ U Né UN;,, UN;, U---UN;, P playing strategies
in AP, while all players in Nj; U N U Ny U Ny, U --- U N;, play strategies in A. Let
(A,U, N, G, P) start from u, and let all players in Nf‘l, mutate to strategies in AP at t = 1.
Then (A,U, N, G, P) evolves from t = 1 onward as follows:

_, alternate between strategies

t=1 z'uN;‘;UN;“ZUNMUNZ-GU---UN%_I—>AP;
Njy UNLUN UNj; U---UN;, — A
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U Nz41 U Nf; U Nf; [Né] U Nf; UNijs U---UN;, — AP. Player i plays a strategy
in AP because for each k € N;‘;, N, N N;, C Nf‘l, which implies that, for any
ke Nt ai(NY) > oi(Ni,) = ai(By,) > minen,, 2 (By,) > n(G) > p. And since
all players in Nz41 play strategies in AP at t = 1, a strategy in A must be a best
response to player .

Players in Nf‘l play strategies in AP because for each k € Nfl , there exists at least
one j € Nii with Ny, N Nj; C N, which implies that ax(N;,) > ax(Nj,) =
ag(Bj,) > mingen;, ay(Bj,) > n(G) > p. And since all players in N; play strate-
gies in AP at t = 1, strategies in AP are best responses to all k € Nfl.

Ni, N N;, € N2

11°?

Players in Né play strategies in AP because for each k € Né ,
which implies that ay(N}) = ax(N;,) = ar(Bi,) = n(G) > p. And since all
players in Nfl play strategies in AP at t = 1, strategies in AP are best responses
to all k € N;‘;. Similarly, players in Ni play strategies in AP because for each
k € N, Ng, NN;, € N, which implies that ay(N;}) = ax(Bi,) > n(G) > p. And
since all players in Nf; play strategies in AP at t = 1, strategies in AP are best
responses to all k € Ni;).

Players in N;; U N;, U---U Nidi play strategies in AP because each | € Nj,, for
r=5,7,---,d;, has oq(N;,_,) = oq(B;,_,) > n(G) > p. And since all players in
N;, ., for all r =5,7,--- ,d;, play strategies in AP at ¢ = 1, strategies in AP are
best responses to all players in N;; UN;, U---U Nidi'

N} UNj UN; UN;, UNjgU---UN;, , — A

iUNJ UNS UNLUNEINATUN;, U Ny U---UNj, _, — AP. Players in iUNEU
]\72-42 U Né UNggU--- U Nidi—l play strategies in AP for the same reasons outlined
int=2.

To see why players in Nz’i [Né} play strategies in AP, first observe that no k €
N{g [Nfg} is a direct neighbour of any j € N;,. This observation implies that, for
each k € ]\7{43 [NL], there exists at least one j € N;, where N, NNj, € N, so that
ap(NL) > ap(Nj) = ap(By,) > minjen;, o (Bj,) > n(G) = p. Secondly, since all
players in Ni‘; play strategies in AP at t = 2, strategies in AP are best responses
toall k € ]\7{; [Nf‘s]. Similarly, players in Nj;, all play strategies in AP because for
cach k € Nj,, Ny, N Ny, € N;, which implies that oy, (N;}) = an(Bi;) > n(G) > p.
NAUNEU {N;‘;\Ng[Né]} UNig UN; U---UN;, — A
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t=14
t=95
t=06

iUN{ UNLUNLINAJUNE UNG [NEJUNG [N U N UNjg UN; U= - -UN;, — AP.
Players in iU N} UN; UN} UN[NLJUN;, UN;; UN; U---U Ni,, play strategies
in AP for the same reasons outlined in t =2 and ¢ = 3.

Players in NA[NA] and NAINAN {NA[NA] N NAINA]} play strategies in AP be-
cause for each k € N;‘; [Ni]U Ni‘é [N\ {Ng [NA]IN NZ%’ [Né]}, there exists at least
one j € N;‘; with Ny, NN;, # (0. For any j € N;‘; satisfying the preceding property,
Ni, (1 Nj, © N UNAINE], which implies that oy (N U NANA]) > ax(N;,) =
ax(Bj,) > minen;, ai(Bj,) > n(G) > p. And since all players in Nt UNZINZ
play strategies in AP at t = 3, strategies in AP are best responses to all players in
NAINA] and NAINAN{NA[NA] 0 NAINA].

NAU{NA\NA [N;g}u{zvg\ [NAINA]U N [N;;]}}uzvisuzvisu. LUNG, o A
iUNEUNAINAJUNL UNLINAJUNLINA]U NS UNLINLUNLINL] U N, U
Nig UNjg UNjgU---UN;, , — AP. Players in i U N} UN;, UNZL[NA]JU N U
Né [Ni]U le‘; [Ni]U N, UNig UNjg UNgg U=+ U Ni,, , play strategies in AP for
the same reasons outlined in ¢t =2, ¢t = 3 and ¢t = 4.

Players in N} [N}] and N[N\ {1\7142 [N NN [Né]} play strategies in AP be-
cause for each k € N [NA]U N2 [NA]\ {Né [N NN [Nf;]}, there exists at least
one j € Né with Ny, N N;, # (. For any j € Né satisfying the preceding property,
Ny, N Nj, € Ny UNAIN], which implies that ax (N U NAINA]) > ax(N;,) =
ak(Bj,) = minen;, ou(Bj,) = n(G) > p. And since all players in N} UNL[NL]
play strategies in AP at t = 3, strategies in AP are best responses to all players in
NA[NA] and NAINAN {NA[NA] 0 NAINA].

(NANAINA U {Ng\ {NAINAJUNE [Nj;]}} U {Ng\ {NAINAJUNE [N;g]}} U
NZ-7UNi9U--~UNZ-di — A.

iUN;, UNL UNEINLJUNE [NAJUNL UNL[INAJUNL [N ]UN;, UNg UNig UN;, U
NigU---UN;, — AP. Players in i U N U NAINAJUNAINAUNL U NN U
Ng [N;t]UN;, UN;; UNjg UN;, UNjgU---U Ni,, play strategies in A? for the same
reasons outlined int=2,t=3,¢t =4 and t = 5.

To see why players in N;, all play strategies in AP, first recall that N;, = Nfl U
NAINAUNE [NE[NE]]. Players in Nt UNZ [N] play strategies in AP for the same
reasons outlined in ¢ = 5. Players in N;! [N [N]] play strategies in AP because,
firstly, each k € N[N [N}]] is not directly connected to any player in N;, but
there exists at least one j € N;! where N, N N;; € N [NA]UNL[N]. This
implies that for each k € N[N} [Ni]], there exists at least one j € N} where
o (NAINAJUNLINA]) > (V) = ax(Bjy) > mingen,, au(By;) > n(G) > p.
Secondly, since all players in ]\7241 [Nfl] U Né [Nf‘l] play strategies in AP at t = 5,
strategies in AP are best responses to all k € Nf‘l [Nf‘l [NA].

{Ng‘;\ {NAINA]U N {N;ﬂ}} U {Ng\ {NAINAJUNE [Ng]}} U NigUNijp U+ U

Nidi—l — A
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t="17
t=28
t=9
t=d;—2
t=d;—1

Thus, n{ mutations to strategies in AP sufficiently trigger an exit from the basin of
attraction of W’ to AP, so that C(W’, AP) < n]. However, as we demonstrated in the
dynamics of (A, U, N, G, P) from W to W’ above, if, starting from W’, n] players mutate
to strategies in A\ AP, (A,U, N, G, P) will revert to W’. Specifically, let (A, U, N, G, P)
start from v at ¢t = 0, and let all players in N;| mutate to strategies in A\A? at ¢t = 1.%

i UN;, UN;, UNE UNEINE] U NEINE] U Ny, U Njy U Njg U N, U N U Ny U
- UN; g1 AP, where players in V;, all play strategies in A” because for each
k € Ni,, ap(B;,) > n(G) > p, and that all players in B;, play strategies in AP at
t=06.

{Ng\ {NAINA U N [N;g]}} U Nig UNiy, U= UN;, — A

B;, UN;; UN;, UN;s UN;s UN;. UN;u UN;g UN;, U---U Nidi — AP, where players
in IV;, all play strategies in A” because for each k € N;;, ax(B;,) > n(G) > p, and

that all players in B;, play strategies in AP at t = 7.
Nijg UNip U---UN;, = A.

Bjjy UN;, UN; U UN;,
Nijy UNjy U+ U N, — A

., — AP

Bidi—l — Ap; and Nidi — A.
B;, =N — AP,

ia

Given that d; > 4 for all i € N, (A, U, N, G, P) evolves from ¢t = 1 onward as follows.

Njy U Ny UN;; U---UN;, — AP

iUN;; UN; UNj, UN;jgU---UN;, , — A

Nfz UN;y UN;jg UNj g U--- U Nidi—l — AP. Players in Nfg play strategies in AP
because for each k € Né, there exists at least one j € N;, with N, NN;, C Né,
which implies that ay(N,) > ax(Nj,) = ax(Bj,) > minen;, o (Bj,) = n(G) = p.
And since all players in N% C N, play strategies in AP at t = 1, strategies in AP
are best responses to all k € N{‘;.

Players in N;, play strategies in A? because for each k € N, ap(N;,) = ap(Bi;) >
1n(G) > p. And since all players in Ni‘é C N,, play strategies in AP at ¢t = 1,
strategies in AP are best responses to all k € N;,.

iUN; UN, UNj; UNz U---UN;, — A

29Gtarting from v rather than u presents the best possible starting point of exiting the basin of attrac-

tion of W’ after n} mutations to strategies in A\A”.
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t=3 Nfl UN%UNZ-E,) UN; U-- ‘UNidi — AP, Players in Nf‘l play strategies in AP because
for each k € Ni’ there exists at least one j € N;‘; with Np, NN, C N;‘;, which
implies that ay(Nj) > ax(Bj,) > mingen;, o(Bj,) > n(G) > p. And since all
players in Nf; play strategies in AP at ¢t = 2, strategies in AP are best responses
toall k € N;“l.

All k € N, play strategies in AP because each has o, (N;}) = ag(Bi,) > 1n(G) > p,
and that all players in NZ42 play strategies in AP at t = 2.

iUN;, UNj, UNLUNj, UN;jgU---UN;, _, — A

t=4 iU NZ42 UNiy UNjgU---UN;, , — AP Player i plays a strategy in AP because
for each k € Ni, N, NN;, C Nfl, which implies that, for any & € Nfz, ai(Nfl) >
a;(Bg,) > n(G) > p. And since all players in Ni play strategies in AP at ¢t = 1,
a strategy in AP must be a best response to player 7.

All k € N;, play strategies in AP because each has oy, (N}}) = ag(Bj,) > n(G) > p,
and that all players in Nz41 play strategies in AP at t = 3.

Niy UNALUNg UNj U---U N, — A

t=5| Ny UN;; UN;; UN;; U---UN;, — AP,

iUNj UNp UNLUN, UNjgU---UN;, = A

Thus, n} > nf, for any ¢ € N, mutations to strategies in A\A? are not sufficient to
trigger an exit from the basin of attraction of W’. This implies that R(W') = C(W', A?) <
ni.

Putting the above three scenarios together, we see that, for any x ¢ D(AP), b; mu-
tations can trigger evolution from x to AP so that C(x,AP) < b;. Otherwise, there
exists at least one absorbing cycle W € C(A), with C(x,W) < b;, where players in
N2 UN;,,UN;;U---U N;, and iU N2 UN;,UN;;U---U N, _, alternate between strategies
in AP and some strategies in A, and the rest play some strategies in A. For this scenario,
the number of mutations to strategies in AP that trigger evolution from W to A? is less
or equal to nf, so that if the number of mutations to strategies in A\ A? needed to trigger
an exit from D(W) is greater than nf, then R(W) = C(W, A?). However, if the number
of mutations to strategies in A\ AP needed to trigger an exit from the basin of attrac-
tion of W is less or equal to n}, then there exists another absorbing cycle W’ € C(A)
and W' # W, where R(W) = C(W,W') < nj, and R(W') = C(W',AP) < n{. Since
these three scenarios hold for any x ¢ D(AP), it follows from the discussion in Section 4,
together with equations (9) and (10), that CR(AP) < b, and

CR*(AP) = max C*(x,AP)= max min C(x,W) <.
x¢D(AP) x¢D(AP) WeC(A)
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The lower bound of the radius of A?”

We now show that when p < n(G) and d(G) > 7, the radius of AP is bounded from
below by R(AP) > b, + ¢, where ¢ > 1 is some positive integer. Specifically, for an
undirected, unweighted and strongly connected network G with d(G) > 7, which also
means that d; > 4 for all i € N, if p < n(G), then by mutations to strategies in A\A?
cannot trigger an exit from D(AP).

We first show that if (A,U, N, G, P) starts, at t = 0, from any configuration, x ¢
D(AP), where all players in B;, of any i € N play strategies in AP, then it will converge
to AP. Indeed, since, by definition of the contagion threshold, each h € B;, U N;, has
an(Bi,) 2 1(G) > p (i.e. each h € B;, UN;, has at least 1(G) > p of her direct neighbours
within B;,), and all players in B;, have all their direct neighbours within B;,, it follows
that all players in B;, will play strategies in A” from ¢ = 2 onward. From ¢ = 3 onward,
all players in B;, play strategies in A? because each h € B;; UN;, has ay,(B;,) > n(G) > p.
This iterative process continues until ¢ = d; —1 when all players in B;, = N play strategies
in AP because each h € Bl-dﬁ1 U Nidi has ah(Bidrl) > n(G) > p.

Now, for any 7 € N, if d; > 4, then for all 5 € N;, UN;,, U---U N, , we have
Bj, N B;;, = 0 (i.e. there is no overlap between the first-neighbourhood of 7 and the
second-neighbourhood of j). This implies that, if (A, U, N, G, P) starts from any x € AP
at t = 0, and all players in B;, mutate to strategies in A\ AP at ¢t = 1, then (A, U, N, G, P)
will revert to AP (i.e. converge to some state within AP) because: firstly, there exists at
least one player j € N;, UN;; U---UN;, for whom all players in Bj, play strategies in
AP at t = 1; secondly, (A,U, N, G, P) converges to AP from any configuration x ¢ D(AP)
where all players in Bj, of any j € N play strategies in AP.

Thus, when n(G) > p and d(G) > 7, more than b;, mutations are required to trigger
an exit from the basin of attraction of AP. Since this holds for all ¢ € N, it follows that
R(A?) > by + ¢, for ¢ > 1.

Stochastically stable set of states/strategies

Putting the above results together, we see that, for an undirected, unweighted and
strongly connected network with d(G) > 7, if p < n(G), then CR*(AP) < b, and R(AP) >
bi, + ¢, for « > 1, which implies that R(AP) > CR*(AP), and hence, AP, and strategies in

AP are uniquely stochastically stable.
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